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SUMMARY & CONCLUSIONS 

When assessing product life, the survival analysis is 
generally conducted in a time or usage domain.  In certain 
instances, it is beneficial to investigate the impact of joint 
variables on product reliability, and in this case, the joint 
distribution of usage and time are considered.  While it is simple 
to analyze unconditional probability density functions 
independently, the problem of statistical independence with 
random variables of usage and time arises.  Usage is not 
independent of time, since usage contains information about 
time and thus, the joint probability density function then cannot 
be the product of both marginal probability density functions. 

The key relationship between usage and time is then 
observed to be rate.  It is possible to model a conditional 
probability density function of usage, when time is held as a 
constant.  This model can be further expanded upon, using the 
law of total probability to model time as a random variable.  

The following method describes the formulation of a 
mathematical model for the joint probability density function of 
usage and time.  It also formulates the parameter estimation 
method for the joint probability density function via maximum 
likelihood estimation.  With these formulations, we are then 
able to compute the metrics available in standard life data 
analysis, such as probability of failure, reliability, and hazard 
rate.  In this paper, we will discuss the model, with applications 
of an automotive component experiencing wear, and obtain 
reliability metrics and a warranty analysis with respect to both 
time and usage domains. 

1 INTRODUCTION 

Forecasting can be a very useful analysis tool while trying 
to budget for warranty costs or to prepare for a required 
warranty pool.  Many industries, such as automotive industry, 
use longer warranty periods as a marketing tool enhancement, 
where warranty history and warranty expectations greatly affect 
the market value of new and used products sold.  A multitude 
of business decisions are made based on the forecasted number 
of warranty returns.  Therefore, improving the accuracy of 
warranty claims forecasting becomes essential, further 
increasing the need for models that provide an acceptable 
accuracy for business decision making [1]. 

Warranty analysis is a central activity in reliability analysis 
for manufacturing companies.  One of the most important ways 
for companies to keep track of their products' behavior in the 

hands of customers is warranty data analysis.  Companies use 
historical records to perform reliability analysis and to forecast 
the number of failures during the design life and warranty time 
of the products that are in line with the realities seen in the field. 

Warranty data analysis relies on the estimation of a failure 
distribution based on data including the number of returns with 
their failure times and the number of surviving units in the field 
with their current observed or estimated ages.  It can be 
formulated in a time or usage domain.  While working in the 
time domain, as one has knowledge of the failure time for the 
product or the survival time as of the analysis date.  However, 
the analysis becomes more complicated if the driving factor of 
reliability is usage rather than time.  

There are many applications in which failures are 
dependent upon both usage and time.  For example, in the 
automotive industry, the failure behavior in most of the 
products is both mileage and time dependent.  These kinds of 
products present a challenge for data analysis.  For surviving 
units still working in the field, we must know their usage (life) 
and we must incorporate it into the estimation of the failure 
distribution.  We can use the joint probability density function 
of usage and time for these types of products. 

2 MODEL FORMULATION 

When considering paired (𝑡𝑡𝑖𝑖 ,𝑚𝑚𝑖𝑖) time and usage data, let 
their rate 𝑅𝑅𝑖𝑖 be 

𝑅𝑅𝑖𝑖 = 𝑚𝑚𝑖𝑖
𝑡𝑡𝑖𝑖

        (1) 

where 𝑡𝑡𝑖𝑖 is the time random variable and 𝑚𝑚𝑖𝑖 is the usage random 
variable.  In this paper, automotive industry is chosen as the 
example.  Hence, the random variable in usage domain is 
denoted as mileage “m”.  

Consider the transformation 
𝑚𝑚𝑖𝑖 = 𝑔𝑔(𝑅𝑅𝑖𝑖) = 𝑡𝑡𝑅𝑅𝑖𝑖   

where rate 𝑅𝑅𝑖𝑖 is assumed as Lognormally distributed with 
probability density function 

𝑓𝑓𝑅𝑅𝑖𝑖(𝑟𝑟) = 1
𝑟𝑟√2𝜋𝜋𝜎𝜎

𝑒𝑒
−(ln 𝑟𝑟−𝜇𝜇)2

2𝜎𝜎2
           (2) 

     0 < 𝑟𝑟 < ∞, −∞ < 𝜇𝜇 < ∞, 𝜎𝜎 > 0.   
The lognormal distribution is one of the most commonly used 
distributions in reliability applications.  Since g(R) is an 
increasing monotone function, the transformation follows the 
form 
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𝑓𝑓𝑀𝑀|𝑇𝑇(𝑚𝑚|𝑡𝑡) = 𝑓𝑓𝑅𝑅𝑖𝑖[𝑔𝑔
−1(𝑚𝑚)] � 𝑑𝑑

𝑑𝑑𝑚𝑚
𝑔𝑔−1(𝑚𝑚)�      

with 

𝑔𝑔−1(𝑚𝑚) = 𝑚𝑚
𝑡𝑡

     𝑎𝑎𝑎𝑎𝑎𝑎       � 𝑑𝑑
𝑑𝑑𝑚𝑚

𝑔𝑔−1(𝑚𝑚)� = 1
𝑡𝑡
   

Thus, the probability density function, conditioning on some 
nonzero constant time, is 

𝑓𝑓𝑀𝑀|𝑇𝑇(𝑚𝑚|𝑡𝑡) = 1
𝑚𝑚

𝑡𝑡� √2𝜋𝜋𝜎𝜎
𝑒𝑒−

�ln𝑚𝑚𝑡𝑡 −𝜇𝜇�
2

2𝜎𝜎2
1
𝑡𝑡
   

Simplifying, 

𝑓𝑓𝑀𝑀|𝑇𝑇(𝑚𝑚|𝑡𝑡) = 1
𝑚𝑚√2𝜋𝜋𝜎𝜎

𝑒𝑒−
[ln𝑚𝑚−(ln 𝑡𝑡+𝜇𝜇)]2

2𝜎𝜎2    (3) 

0 < 𝑚𝑚 < ∞, 0 < 𝑡𝑡 < ∞, −∞ < 𝜇𝜇 < ∞, 𝜎𝜎 > 0   
Clearly, the conditional density is 𝐿𝐿𝐿𝐿𝑔𝑔𝑎𝑎𝐿𝐿𝑟𝑟𝑚𝑚𝑎𝑎𝐿𝐿(ln 𝑡𝑡 +

𝜇𝜇,𝜎𝜎2).  Next, the unconditional distribution of time is modeled 
as a Weibull distribution, since the failure characteristic is 
assumed as increasing failures (wear-out) with time.  Besides, 
Weibull distribution is a very flexible model and the most 
commonly used life data analysis model in the reliability 
industry, which can model so-called infant mortality 
(decreasing hazard rate), useful lifetime (constant hazard rate), 
and wear-out (increasing hazard rate) failure behaviors one at a 
time.  The probability density function (pdf) of Weibull 
distribution for time is 

𝑓𝑓(𝑡𝑡) = 𝛽𝛽
𝜂𝜂
�𝑡𝑡
𝜂𝜂
�
𝛽𝛽−1

𝑒𝑒−�
𝑡𝑡
𝜂𝜂�
𝛽𝛽

  (4) 

0 ≤ 𝑡𝑡 < ∞, 𝛽𝛽 > 0, 𝜂𝜂 > 0 
With both densities defined, it is possible to model the joint 

probability density function with the following relationship 

𝑓𝑓(𝑚𝑚|𝑡𝑡) = 𝑓𝑓(𝑚𝑚,𝑡𝑡)
𝑓𝑓(𝑡𝑡)

    

And therefore,  
𝑓𝑓(𝑚𝑚, 𝑡𝑡) = 𝑓𝑓(𝑡𝑡)𝑓𝑓(𝑚𝑚|𝑡𝑡) 

The joint probability density function of usage and time is then 

𝑓𝑓(𝑡𝑡,𝑚𝑚) = 𝛽𝛽
𝜂𝜂
�𝑡𝑡
𝜂𝜂
�
𝛽𝛽−1

𝑒𝑒−�
𝑡𝑡
𝜂𝜂�
𝛽𝛽

1
𝑚𝑚√2𝜋𝜋𝜎𝜎

𝑒𝑒−
[ln𝑚𝑚−(ln 𝑡𝑡+𝜇𝜇)]2

2𝜎𝜎2  (5) 

0 <  𝑚𝑚 < ∞,    0 < 𝑡𝑡 < ∞, 𝛽𝛽 > 0, 𝜂𝜂 > 0, −∞ < 𝜇𝜇 < ∞,
𝜎𝜎 > 0     

2.1 Parameter Estimation 

The likelihood function for the joint probability density 
function is 

𝐿𝐿(𝑡𝑡,𝑚𝑚|𝛽𝛽, 𝜂𝜂, 𝜇𝜇,𝜎𝜎) =

             ∏ 𝛽𝛽
𝜂𝜂
�𝑡𝑡𝑖𝑖
𝜂𝜂
�
𝛽𝛽−1

𝑒𝑒−�
𝑡𝑡𝑖𝑖
𝜂𝜂�

𝛽𝛽
1

𝑚𝑚𝑖𝑖√2𝜋𝜋𝜎𝜎
𝑒𝑒−

�ln𝑚𝑚𝑖𝑖−�ln 𝑡𝑡𝑖𝑖+𝜇𝜇��
2

2𝜎𝜎2𝑛𝑛
𝑖𝑖=1         (6) 

The problem of suspensions arises while considering usage 
suspensions.  Unlike time, which can be measured, given some 
start date, usage differs from user to user.  Here, the approach 
for finding the parameters is then to take the maximum 
likelihood estimates for the time distribution and rate 
distribution separately, since both parameter values remain 

unchanged during the transformation.  Suspensions and the 
likelihood function for time are readily applicable, and rate 
distribution do not require suspensions, since rate can vary 
bidirectionally as time progresses.  The likelihood functions are 
as follows; 

𝐿𝐿(𝑡𝑡|𝛽𝛽, 𝜂𝜂) = ∏ 𝛽𝛽
𝜂𝜂
�𝑡𝑡𝑖𝑖
𝜂𝜂
�
𝛽𝛽−1

𝑒𝑒−�
𝑡𝑡𝑖𝑖
𝜂𝜂�

𝛽𝛽

∏ 𝑒𝑒−�
𝑡𝑡𝑗𝑗
𝜂𝜂�

𝛽𝛽

𝑛𝑛
𝑗𝑗=1

𝑛𝑛
𝑖𝑖=1    (7) 

𝐿𝐿(𝑟𝑟|𝜇𝜇,𝜎𝜎) = ∏ 1
𝑟𝑟𝑖𝑖√2𝜋𝜋𝜎𝜎

𝑒𝑒−
�ln𝑟𝑟𝑖𝑖−𝜇𝜇�

2

2𝜎𝜎2𝑛𝑛
𝑖𝑖=1                (8) 

3 RELIABILITY METRICS 

The joint distribution does not have a closed form solution.  
Therefore, numerical computations were used to approximate 
the solutions.  The first is the Cumulative Distribution Function 
(CDF).  We can formulate the CDF via the law of total 
probability as: 

𝐹𝐹(𝑡𝑡,𝑚𝑚) =

 ∫ ∫ 𝛽𝛽
𝜂𝜂
�𝑡𝑡
𝜂𝜂
�
𝛽𝛽−1

𝑒𝑒−�
𝑡𝑡
𝜂𝜂�
𝛽𝛽

1
𝑚𝑚√2𝜋𝜋𝜎𝜎

𝑒𝑒−
[ln𝑚𝑚−(ln 𝑡𝑡+𝜇𝜇)]2

2𝜎𝜎2
𝑀𝑀
0

𝑇𝑇
0 𝑎𝑎𝑚𝑚 𝑎𝑎𝑡𝑡       (9) 

With the CDF defined, we can model other reliability 
metrics of interest.  Reliability value at a given time and usage 
is 

𝑅𝑅(𝑡𝑡,𝑚𝑚) = 1 −  𝐹𝐹(𝑡𝑡,𝑚𝑚)       (10) 
Conditional reliability for an additional increment of time, 

T, and usage, M, given that the product has already successfully 
operated for an amount of time, t, and usage, m, can be defined 
as: 

𝑅𝑅(𝑡𝑡 + 𝑇𝑇,𝑚𝑚 + 𝑀𝑀|𝑡𝑡,𝑚𝑚) = 1−𝐹𝐹(𝑡𝑡+𝑇𝑇,𝑚𝑚+𝑀𝑀)
1−𝐹𝐹(𝑡𝑡,𝑚𝑚)

      (11) 

Similarly, conditional probability of failure is defined as: 

𝐹𝐹(𝑡𝑡 + 𝑇𝑇,𝑚𝑚 + 𝑀𝑀|𝑡𝑡,𝑚𝑚) = 1 − 1−𝐹𝐹(𝑡𝑡+𝑇𝑇,𝑚𝑚+𝑀𝑀)
1−𝐹𝐹(𝑡𝑡,𝑚𝑚)

       (12) 

A well-known metric in reliability engineering is the mean 
time to failure (MTTF) or also known as mean life.  While it is 
possible to compute the joint expectation of usage and time for 
a given product, it is not particularly useful.  In this scenario, 
the marginal expectations are more informative in practical 
terms.  The expected usage can be computed as: 

𝐸𝐸[𝑚𝑚] = ∫ ∫ 𝑚𝑚 𝑓𝑓(𝑡𝑡,𝑚𝑚) 𝑎𝑎𝑚𝑚 𝑎𝑎𝑡𝑡∞
0

∞
0           (13) 

Similarly, the expected time can be computed as: 
𝐸𝐸[𝑡𝑡] = ∫ ∫ 𝑡𝑡 𝑓𝑓(𝑡𝑡,𝑚𝑚) 𝑎𝑎𝑚𝑚 𝑎𝑎𝑡𝑡∞

0
∞
0                (14) 

These values, besides providing a measure of central 
tendency, also serve as constraints for solving another 
commonly used reliability metric, BX life.  BX Life is the time 
or usage value associated with inverse Cumulative Distribution 
Function.  In survival analysis, this is the time or usage at which 
X percentage of the population has already failed.  The quantile 
function for univariate case is one equation, with one unknown, 
making the computation straight forward.  However, in 
bivariate analysis, we have two random variables as the 
unknowns, with the given probability attributable to BX life.  
Without further constraints, there are infinite number of 



 

 

solutions for any BX life.  In this paper, we take a method of 
solving a system of nonlinear inequalities via optimization, 
following the form 

𝑀𝑀𝑀𝑀𝑀𝑀 𝑍𝑍 = ∫ ∫ 𝑓𝑓(𝑡𝑡,𝑚𝑚)𝑀𝑀
0  𝑎𝑎𝑚𝑚 𝑎𝑎𝑡𝑡 − 𝑋𝑋𝑇𝑇

0   
Subject to: 

∫ ∫ 𝑓𝑓(𝑡𝑡,𝑚𝑚)𝑀𝑀
0  𝑎𝑎𝑚𝑚 𝑎𝑎𝑡𝑡 − 𝑋𝑋𝑇𝑇

0 = 0   
(𝑡𝑡𝑙𝑙𝑙𝑙,𝑚𝑚𝑙𝑙𝑙𝑙) ≤ 𝑡𝑡,𝑚𝑚 ≤ (𝑡𝑡𝑢𝑢𝑙𝑙,𝑚𝑚𝑢𝑢𝑙𝑙)   

Where, 

(𝑡𝑡𝑙𝑙𝑙𝑙,𝑚𝑚𝑙𝑙𝑙𝑙)   = �
(0, 0)                      0 < 𝑋𝑋 <  0.5
 (𝑡𝑡𝑤𝑤 ,𝑚𝑚𝑤𝑤)             0.5 ≤  𝑋𝑋 < 1   

(𝑡𝑡𝑢𝑢𝑙𝑙,𝑚𝑚𝑢𝑢𝑙𝑙) = �
(𝑡𝑡𝑤𝑤 ,𝑚𝑚𝑤𝑤)                0 <  𝑋𝑋 <  0.5
 (∞,∞)                0.5 ≤  𝑋𝑋 < 1   

The lower and upper bounded time and usage constraints 
are (𝑡𝑡𝑙𝑙𝑙𝑙,𝑚𝑚𝑙𝑙𝑙𝑙), (𝑡𝑡𝑢𝑢𝑙𝑙,𝑚𝑚𝑢𝑢𝑙𝑙).  The warranty length is (𝑡𝑡𝑤𝑤 ,𝑚𝑚𝑤𝑤), and 
X is the probability associated with the BX Life.  Another 
common reliability metric to consider is hazard rate.  Hazard 
rates allow for characterization of failure behaviors, whether 
increasing (wear-out), decreasing (infant mortality), or constant 
(useful life) hazard rate with time or usage.  The rate can be 
formulated as: 

 λ(𝑡𝑡,𝑚𝑚) =  𝑓𝑓(𝑡𝑡,𝑚𝑚)
𝑅𝑅(𝑡𝑡,𝑚𝑚)

        (15) 

Finally, it is of further interest to determine which random 
variable dominates the failure probability.  Here, the Birnbaum 
importance measures for time 𝑀𝑀𝑡𝑡 and usage 𝑀𝑀𝑚𝑚  are utilized to 
determine the largest contributor at each time and usage, by 
computing the rates of change through the following: 

𝑀𝑀𝑡𝑡 = 𝜕𝜕𝑓𝑓
𝜕𝜕𝑡𝑡

        (16) 

             𝑀𝑀𝑚𝑚 = 𝜕𝜕𝑓𝑓
𝜕𝜕𝑚𝑚

        (16) 

4 BIVARIATE FORECAST 

Suppose that a manufacturer that produces a vehicle 
component has been analyzing the warranty returns data.  The 
warranty on the component is 60 months or 100,000 miles, 
whichever comes first.  The company has collected 83 months’ 
worth of warranty data, with the total of 83 months’ worth of 
shipments.  The total number of units failed and shipped are 171 
and 3,982 respectively.  Due to limited space, the data used in 
the analysis is truncated and presented in Appendix. 

A statistical analysis on the data has indicated that the time 
distribution follows Weibull model with a shape parameter (𝛽𝛽) 
of 3.696 and a scale parameter (η) of 99.70 months.  The rate 
distribution of the component use follows Lognormal model 
with the mean of the natural logarithms of the data (lnμ) as 
7.052 and the standard deviation of the natural logarithms of the 
data (lnσ) as 0.3314. 

These parameters are then applied to the joint probability 
density function.  The subsequent surface plots for the PDF and 
CDF are available in Figure 1 and Figure 2, respectively.  The 
reliability importance plot, assuming that mileage is 
accumulated at the expectation of the rate distribution of 

1,220.39 miles per month is available in Figure 3.  

 

Figure 1. Joint Probability Density Function 

Figure 2. Cumulative Distribution Function 

 
The manufacturer is interested in forecasting the returns in 

the following 12 months.  The manufacturer applies a 
parametric forecasting method with the joint probability 
distribution.  The method uses conditional probability of failure 
to find expected number of failures for each time period in the 
future. 

Let 𝑞𝑞𝑖𝑖,0 be the Initial Sales Quantity, 𝑞𝑞𝑖𝑖,𝑗𝑗 be the number of 
surviving units and 𝑎𝑎𝑖𝑖,𝑗𝑗 be the number of failures with the initial 
value of 0, i.e. 𝑎𝑎𝑖𝑖,0 = 0. 

For i rows and j columns in an i ×j matrix with a warranty 
length of 𝑡𝑡𝑤𝑤, meeting the condition 



 

 
 

(𝑡𝑡𝑤𝑤 + 𝑖𝑖 − 1) ≥ 𝑗𝑗 ≥ 𝑖𝑖 ≥ 1.   
For each 𝑖𝑖𝑡𝑡ℎ month of shipment, and each 𝑗𝑗𝑡𝑡ℎ month of 

service, the conditional expected failure quantity, 𝑎𝑎𝑖𝑖,𝑗𝑗−𝑖𝑖+1, and 
the expected quantity of surviving units, 𝑞𝑞𝑖𝑖,𝑗𝑗−𝑖𝑖, are updated 
iteratively with the given formulation: 

�𝑞𝑞𝑖𝑖,𝑗𝑗−𝑖𝑖 − 𝑎𝑎𝑖𝑖,𝑗𝑗−𝑖𝑖� × �1 − 1−𝐹𝐹(𝑗𝑗−𝑖𝑖+1,100000)
1−𝐹𝐹(𝑗𝑗−𝑖𝑖,100000)

� = 𝑎𝑎𝑖𝑖,𝑗𝑗−𝑖𝑖+1  

For each element not meeting the condition 
(𝑡𝑡𝑤𝑤 + 𝑖𝑖 − 1) ≥ 𝑗𝑗 ≥ 𝑖𝑖 ≥ 1     

let 
𝑎𝑎𝑖𝑖,𝑗𝑗−𝑖𝑖+1 = 0.        

The set of summations of the elements in the i ×j matrix is 
then the forecast. 

𝑓𝑓𝐿𝐿𝑟𝑟𝑒𝑒𝑓𝑓𝑎𝑎𝑓𝑓𝑡𝑡 = �∑ 𝑎𝑎𝑖𝑖,𝑗𝑗−𝑖𝑖+1
𝑖𝑖=𝑘𝑘
𝑗𝑗=𝑎𝑎,𝑖𝑖=1 �𝑎𝑎 ∈ (𝑓𝑓, 𝑓𝑓 + 𝐿𝐿], 𝑖𝑖 ∈ [1, 𝑘𝑘]� 

 

Figure 3. Reliability Importance vs. Mileage and Time 

In the forecast formulation, the s value is the length of time 
captured in the analysis, 𝐿𝐿 is the length of the forecast, and k is 
the number of production months in the analysis time frame.  
Notice that the usage value is set for 100,000 miles.  This value 
is selected for two reasons.  The first is because 100,000 miles 
is the usage at which the warranty expires.  The second reason 
is to avoid an i x j x k array structure, as each matrix in this array 
would be attributable to starting month, time in service, and 
usage quantity.  In the case of the manufacturer in the example, 
there are 12 months’ worth of production, 83 months of ongoing 
service, and a forecast length of 12 months.  The forecasted 
values will then be: 
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4.1 Results 

The joint probability distribution method is applied to 
forecast the number of failures during the next 12-month 
period, with the warranty time of 60 months, or 100,000 miles, 
whichever comes first.  The analysis is repeated on time domain 
and usage domain separately.  The results of all three analyses 
are presented in Table 1.  Failures occurring after the warranty 
intervals are not tallied with the forecast.  A graph of the model 
and previous warranty returns is available in Figure 4.  The 
forecast model has a mean absolute deviation of 0.949 units and 
a bias of -0.32 units. 

Table 1 – Forecasted Failures for the Next 12 Months Period 

Months Bivariate Time Domain Usage Domain 
 1 8.5 9.3 6.8 
2 8.6 9.4 6.8 
3 8.5 8.7 6.3 
4 8.5 9.2 6.7 
5 8.5 8.8 6.5 
6 8.5 9.1 6.7 
7 8.4 8.8 6.4 
8 8.4 9.0 6.6 
9 8.5 9.1 6.7 

10 8.5 8.9 6.4 
11 8.6 9.2 6.6 
12 8.6 8.9 6.4 

 

Figure 4. Forecast values from bivariate model vs. actual 
warranty returns from field data 

Employing a usage-based scheme is potentially more 
sensitive compared to the time-based analysis.  However, both  
usage-based and bivariate analyses require additional 
information on usage for accuracy.  Even though, the results of 
the time analysis are analogous to the bivariate analysis results, 
this is a specific scenario for this example.  It is also important 



 

 

to note that the reliability importance is dominated by the time 
domain in this model.  The results might be different for other 
scenarios, especially in which there is not enough information 
on the usage for accuracy.  It can be concluded that performing 
the forecasting using bivariate modeling results in more 
accurate estimation of the actual field data. 

5 CONCLUSION AND FUTURE WORK 

In some industries, such as the automotive industry, 
performing life data analysis in the time and usage domains 
have significant benefits for determining warranty failures and 
predicting business risk.  Running a usage domain analysis is 
potentially more sensitive and can detect durability issues 
earlier than a simple time domain analysis.  However, it 
requires additional information on usage for accuracy.  With a 
good usage model, a joint probability density function of time 
and usage can be formulated for different model combinations.  
In this paper, Weibull for time domain and Lognormal for usage 
domain are selected for practical and illustration purposes.  One 
future area of study may include the uses of different 
distributions for usage rate, instead of lognormal distribution.  
A joint probability density function is better in predicting 
warranty costs and improves the intelligence from the warranty 
return system.  Early detection of failure types shifts, via 
plotting the data and studying the results, facilitates improved 
recognition of potential field issues and estimation of the 
potential costs involved.  Life data analysis on the field failures 
should become part of the standard tool set in warranty analysis.  
The methodology presented in this paper can be an effective 
technique for detection of emerging issues as well as it may 
provide a conventional yet rational estimate of business risk. 

One should always remember that each parameter 
estimated based on a limited number of samples from a 
population of products operating in the field is an 
approximation of the true parameter.  That true parameter of the 
distribution is unknown to us unless one is able to obtain and 
analyze the failure data for every single unit in the population, 
which usually is not a realistic situation.  If we perform ten 
different reliability tests for our units, and analyze the results, 
we will obtain slightly different parameters for the distribution 
each time, and thus slightly different reliability results.  
However, by employing confidence bounds, we obtain a range 
within which these reliability values are likely to occur at a 
certain percentage of the time.  This helps us gauge the utility 
of the data and the accuracy of the resulting estimates.  This 
range of plausible values is called a confidence interval.  
Therefore, adding confidence bounds to the metrics belonging 
to the joint pdf, and its forecast would be the next step for future 
areas of study.  
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APPENDIX 

Table A1 – Shipped Units-Truncated 

Ship Date Qty Shipped Ship Date Qty Shipped 
1/1/2013 3 7/1/2019 71 
2/1/2013 2 8/1/2019 62 
3/1/2013 3 9/1/2019 21 
4/1/2013 1 10/1/2019 50 
6/1/2013 1 11/1/2019 51 
7/1/2013 2 12/1/2019 52 

Table A2 – Warranty Returns Data - Truncated 

Ship Date Return Date Usage (mi.) 
3/1/2015 7/4/2015 7451.83 

10/1/2016 8/18/2017 18700.01 
8/1/2015 7/6/2016 16080.58 

12/1/2015 12/20/2016 20821.58 
1/1/2018 1/27/2019 26883.17 
8/1/2013 7/16/2018 72251.28 
6/1/2014 5/23/2019 103951.99 
7/1/2013 6/22/2018 61183.21 

10/1/2013 9/23/2018 87102.74 
11/1/2014 10/31/2019 52553.60 
2/1/2013 2/3/2018 47601.52 
1/1/2013 1/3/2018 58653.28 
1/1/2013 1/6/2018 50621.78 

11/1/2013 11/23/2018 46843.59 
8/1/2014 8/24/2019 70609.62 

10/1/2013 10/29/2018 60011.50 



 

 
 

12/1/2013 1/4/2019 83657.25 
3/1/2013 4/9/2018 40883.48 
6/1/2014 7/11/2019 91281.62 
7/1/2014 8/14/2019 72421.95 
3/1/2013 4/23/2018 78642.94 

Table A3 – Warranty Data – Consolidated Monthly-Truncated 

Months # of Returns Months # of Returns 
51 2 67 6 
52 0 68 4 
53 5 69 6 
54 3 70 4 
55 1 71 7 
56 2 72 6 
57 1 73 7 
58 2 74 3 
59 4 75 8 
60 6 76 3 
61 5 77 3 
62 6 78 9 
63 7 79 5 
64 4 80 8 
65 7 81 3 
66 4 82 4 
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