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SUMMARY & CONCLUSIONS 

A new model and solution methods are introduced to find 
the optimal time of preventive replacement of a working 
object.  Most models consider only the replacement costs and 
the distribution of the time to failure.  Very few models take 
the random termination time of ongoing projects into account, 
when project interruption results in additional cost.  
Traditionally, the object is replaced upon failure.  Otherwise it 
is replaced at the earlier (replace first) or later (replace last) 
occurrence of either the termination of the project or the 
scheduled replacement time.  The long-term optimum models 
were formulated in [1] and the solution methodology was 
illustrated with examples. 

This paper presents the single-cycle counterpart of these 
models which are extended to include repair costs of 
repairable failures, generated revenues and salvage value of 
the unit in a one-cycle cost per unit time minimization model.  
The models are further extended to the case when the unit 
repeats identical projects in time and the terminating time of 
the ongoing project or that of a given number of projects is 
considered in the replace next model, which is also 
formulated.  Conditions are given for the existence of finite 
optima, and examples illustrate the models and solutions. 

A comparison of the alternative models discussed in this 
paper has an interesting conclusion.  Consider the derivatives 
ℎ1(𝑇𝑇), ℎ2(𝑇𝑇) and ℎ3(𝑇𝑇) of the objective functions of the 
classical, “replace first’, “replace last” models, respectively.  
They all have an identical first term, which is constant if all 
distributions are exponential and strictly increasing if at least 
one distribution is Weibull, which is the case if the irreparable 
failure is Weibull. In addition to strictly increasing, it is zero at 
𝑇𝑇 = 0 and tends to infinity if  𝑇𝑇 → .  The second term of  
ℎ2(𝑡𝑡) is always larger than the second term of ℎ3(𝑡𝑡), so the 
solution of ℎ2(𝑡𝑡) = 0 is larger than the solution of ℎ3(𝑡𝑡) = 0.  
The second term of ℎ1(𝑡𝑡) is between those of ℎ2(𝑡𝑡) and ℎ3(𝑡𝑡), 
so the solution of the first order condition of the classical 
model is between the solutions of the other two first order 
conditions.  This has a sense. If “replacement last” model is 
used, then the replacement is often done after time T, when 
failure occurs or working cycle terminates, so the actual 
replacement is often performed after time T.  However, in the 

case of “replacement first” the actual replacement often occurs 
before time T, when either working cycle terminates or unit 
fails.  That is, in using “replacement last” policy the value of T 
underestimates the actual replacement time, while in the case 
of “replacement first” the value of T overestimates it.  If the 
classical model is used, then replacement is done at time T 
unless failure occurs, no project termination time is 
considered. 

The classical model, “replacement first” and “replacement 
last” models have a simple closed form objective function, so 
they can be solved by simple computer methods.  The most 
frequently used procedures are discussed in many textbooks 
on computer methods, for example in [2].  In the general case 
the “replacement next” model needs simulation to find its 
optimum, closed form representation of its objective function 
is only possible in special cases. 

1 INTRODUCTION 

The uninterrupted working condition of an object or a 
whole system can be guaranteed by appropriate maintenance 
and replacement planning.  If non-repairable failure occurs, 
then failure replacement is performed, which is usually more 
expensive than doing preventive replacement.  Before 
replacements, repairable failures might occur, revenue is 
generated, and the replaced items still have certain salvage 
values.  These factors also have to be included in any optimum 
model. 

There are two major types of models discussed in 
literature.  If the working cycle repeats until infinity without 
any change, then the renewal theory is used to formulate the 
objective function, which is the long-term cost per unit time.  
If technology and the environment change, then a short-term 
optimum model is constructed minimizing the cost per unit 
time in a single cycle.  These two types of models are used 
very often in practice and computer software packages are 
available for their implementation. 

There are several surveys discussing the most frequently 
applied model variants [3][4][5][6][7][8][9], and the most 
appropriate model selection depends on the actual 
circumstances the decision maker is faced with. 

In most models there is no attention given to ongoing 
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projects the system is involved in and project interruptions for 
performing maintenance or replacements.  Recently [1] 
introduced two long-term models. In the “replacement first” 
policy the unit is replaced before failure either at the end of a 
random working cycle or at the scheduled preventive 
replacement time, whichever comes first.  If the “replacement 
last” policy is applied, then replacement is performed either at 
the end of a random working cycle or at the scheduled 
preventive replacement time, whichever comes last.  The 
mathematical models were formulated and solution algorithms 
were suggested to find the optimal decisions. 

In this paper the one-cycle variants of the models of [1] 
are constructed with slight extensions including repair costs of 
repairable failures, revenue generation as well as the salvage 
values of the unit upon replacement.  In the next section the 
classical model will be examined with extensions.  Section 3 
discusses the replacement first model, and the replacement last 
model will be the subject of Section 4.  If the unit performs 
projects repeatedly and replacement is done when the ongoing 
project terminates just after the scheduled replacement time, 
then the above models have to be adjusted accordingly 
resulting in “replacement next” concepts.  That is the subject 
of Section 5. 

2 THE CLASSICAL MODEL 

Let 𝑋𝑋� denote the time to failure as a Weibull variable with 
CDF 𝐹𝐹(𝑥𝑥), pdf 𝑓𝑓(𝑥𝑥), reliability function 𝐹𝐹�(𝑥𝑥) and failure rate 
(𝑥𝑥).  The preventive and failure replacement costs are cp 
and cf, where we assume that cf > cp.  It is also assumed that 
there are K types of repairable failures with failure rates �̅�𝜌𝑘𝑘(𝑡𝑡) 
and expected number of failures 𝑀𝑀�𝑘𝑘(𝑡𝑡) in interval [0,t].  The 
revenue generated by the unit in a single working cycle is V, 
and the salvage value of the unit at time t is S(t).  The cost per 
unit time in any interval [0,t] is given as 

𝑐𝑐𝑝𝑝 + ∑ 𝑐𝑐𝑟𝑟𝑘𝑘𝑀𝑀�𝑘𝑘(𝑡𝑡)𝐾𝐾
𝑘𝑘=1 − 𝑆𝑆(𝑡𝑡) − 𝑒𝑒𝑒𝑒𝑡𝑡

𝑡𝑡
                    (1) 

if preventive replacement is performed at time t, where crk is 
the cost of repairing failure of type k and eV is the expected 
utility generated by the unit in a unit time period 𝑒𝑒 = 𝐸𝐸(1/𝑌𝑌�) 
with 𝑌𝑌�  being the random length of a project.  If failure 
replacement is done, then the term cp in the numerator is 
replaced with cf.  If preventive replacement is scheduled at 
time T, then the expected cost per unit time in a cycle can be 
given as 

𝐻𝐻1(𝑇𝑇) =
𝑐𝑐𝑝𝑝 + 𝑄𝑄(𝑇𝑇)

𝑇𝑇
𝐹𝐹�(𝑇𝑇) + �

𝑐𝑐𝑓𝑓 + 𝑄𝑄(𝑡𝑡)
𝑡𝑡

𝑇𝑇

0

𝑓𝑓(𝑡𝑡)𝑑𝑑𝑡𝑡        (2) 

 which is then minimized, where: 

𝑄𝑄(𝑡𝑡) = �𝑐𝑐𝑟𝑟𝑘𝑘𝑀𝑀�𝑘𝑘(𝑡𝑡) − 𝑆𝑆(𝑡𝑡) − 𝑒𝑒𝑒𝑒𝑡𝑡
𝐾𝐾

𝑘𝑘=1

                 (3) 

collects all costs excluding replacement costs.  Assuming 
Weibull failure rates with parameters �̅�𝜂𝑘𝑘 and �̅�𝛽𝑘𝑘 for failure 
type k, then the derivative of 𝐻𝐻1(𝑇𝑇) has the same sign as 

ℎ1(𝑇𝑇) = ��𝑐𝑐𝑓𝑓 − 𝑐𝑐𝑝𝑝�𝜌𝜌(𝑇𝑇) + � 𝑐𝑐𝑟𝑟𝑘𝑘��̅�𝛽𝑘𝑘 − 1�
𝑇𝑇𝛽𝛽�𝑘𝑘−1

�̅�𝜂𝑘𝑘
𝛽𝛽�𝑘𝑘

𝐾𝐾

𝑘𝑘=1
� −       

 �
𝑐𝑐𝑝𝑝 + 𝑇𝑇𝑆𝑆′(𝑇𝑇) − 𝑆𝑆(𝑇𝑇)

𝑇𝑇
�                                              (4) 

It is a natural assumption that S’(T) is bounded, S() = 0 and 
S(0) < cp, so ℎ1(0) = − and ℎ1() = .  Therefore there 
is always a nonzero, finite optimum, which can be obtained by 
standard methods. 

3 THE “REPLACE FIRST” APPROACH 

In formulating the objective function we have to consider 
the random time to failure 𝑋𝑋�, the random length of the 
project 𝑌𝑌� , and the scheduled preventive maintenance time T, 
which have 6 different permutations: 
1. 𝑌𝑌� < 𝑇𝑇 < 𝑋𝑋� 
2. 𝑌𝑌� < 𝑋𝑋� < 𝑇𝑇 
3. 𝑋𝑋� < 𝑌𝑌� < 𝑇𝑇 
4. 𝑋𝑋� < 𝑇𝑇 < 𝑌𝑌�  
5. 𝑇𝑇 < 𝑋𝑋� < 𝑌𝑌�  
6. 𝑇𝑇 < 𝑌𝑌� < 𝑋𝑋� 

The six permutation cases are illustrated in Figure 1. 
 

 
Figure 1. The possible six permutations of  𝑋𝑋�,𝑌𝑌� ,𝑇𝑇 

In cases 1 and 2 the cycle length is 𝑌𝑌� , in cases 3 and 4 it is 
𝑋𝑋� and in the last two cases the cycle length is T.  Therefore the 
expected cost per unit time has three major terms 

𝐻𝐻2(𝑇𝑇) = ��
𝑐𝑐𝑝𝑝 + 𝑄𝑄(𝑦𝑦)

𝑦𝑦
𝑓𝑓(𝑥𝑥)𝑔𝑔(𝑦𝑦)𝑑𝑑𝑥𝑥𝑑𝑑𝑦𝑦

∞

𝑦𝑦

𝑇𝑇

0

+                     

� �
𝑐𝑐𝑝𝑝 + 𝐴𝐴 + 𝑄𝑄(𝑇𝑇)

𝑇𝑇
𝑓𝑓(𝑥𝑥)𝑔𝑔(𝑦𝑦)𝑑𝑑𝑥𝑥𝑑𝑑𝑦𝑦

∞

𝑇𝑇

 
∞

𝑇𝑇

+           

��
𝑐𝑐𝑓𝑓 + 𝐴𝐴 + 𝑄𝑄(𝑥𝑥)

𝑥𝑥
𝑓𝑓(𝑥𝑥)𝑔𝑔(𝑦𝑦)𝑑𝑑𝑦𝑦𝑑𝑑𝑥𝑥

∞

𝑥𝑥

𝑇𝑇

0

                  



= �
𝑐𝑐𝑝𝑝 + 𝑄𝑄(𝑦𝑦)

𝑦𝑦
𝐹𝐹�(𝑦𝑦)𝑔𝑔(𝑦𝑦)𝑑𝑑𝑦𝑦 +

𝑇𝑇

0

                            

𝑐𝑐𝑝𝑝 + 𝐴𝐴 + 𝑄𝑄(𝑇𝑇)
𝑇𝑇

𝐹𝐹�(𝑇𝑇)�̅�𝐺(𝑇𝑇) +                             

�
𝑐𝑐𝑓𝑓 + 𝐴𝐴 + 𝑄𝑄(𝑥𝑥)

𝑥𝑥
𝑓𝑓(𝑥𝑥)�̅�𝐺(𝑥𝑥)𝑑𝑑𝑥𝑥

𝑇𝑇

0

                  (5) 

where g(t) and �̅�𝐺(t) are the pdf and reliability function of 𝑌𝑌� , 
furthermore A is the project interruption cost. 

The derivative of 𝐻𝐻2(𝑇𝑇) has the same sign as 

ℎ2(𝑇𝑇) = ��𝑐𝑐𝑓𝑓 − 𝑐𝑐𝑝𝑝�𝜌𝜌(𝑇𝑇) + �𝑐𝑐𝑟𝑟𝑘𝑘��̅�𝛽𝑘𝑘 − 1�
𝑇𝑇𝛽𝛽�𝑘𝑘−1

�̅�𝜂𝑘𝑘
𝛽𝛽�𝑘𝑘

𝐾𝐾

𝑘𝑘=1

� −          

�
𝑐𝑐𝑝𝑝 + 𝐴𝐴 + 𝑇𝑇𝑆𝑆′(𝑇𝑇) − 𝑆𝑆(𝑇𝑇)

𝑇𝑇
+ 𝐴𝐴�̅�𝜌(𝑇𝑇)�                 (6) 

by assuming Weibull failure rates for the repairable failures 
and �̅�𝜌(𝑇𝑇) is the “failure rate” (𝑔𝑔(𝑡𝑡)/�̅�𝐺(𝑡𝑡)) of the length of the 
project.  If S’(T) is bounded, S(0) < cp and S() = 0, then 
ℎ2(0) = − and if in addition lim𝑇𝑇→∞ ℎ2(𝑇𝑇) > 0, then there 
is a finite nonzero optimum. 

4 THE “REPLACE LAST” APPROACH 

Similarly to the previous case we have the six 
permutations of  𝑋𝑋�,  𝑌𝑌� , T.  In case 1 the cycle length is T, in 
cases 2, 3, 4, and 5 the cycle length is 𝑋𝑋�, and in case 6 it is  𝑌𝑌� .  
So the expected cost per unit time in a cycle can be given as 
follows: 

𝐻𝐻3(𝑇𝑇) = � �
𝑐𝑐𝑝𝑝 + 𝑄𝑄(𝑦𝑦)

𝑦𝑦
𝑓𝑓(𝑥𝑥)𝑔𝑔(𝑦𝑦)𝑑𝑑𝑥𝑥𝑑𝑑𝑦𝑦

∞

𝑦𝑦

∞

𝑇𝑇

+                       

��
𝑐𝑐𝑝𝑝 + 𝐴𝐴 + 𝑄𝑄(𝑇𝑇)

𝑇𝑇
𝑓𝑓(𝑥𝑥)𝑔𝑔(𝑦𝑦)𝑑𝑑𝑥𝑥𝑑𝑑𝑦𝑦

∞

𝑇𝑇

 
𝑇𝑇

0

+              

� �
𝑐𝑐𝑓𝑓 + 𝐴𝐴 + 𝑄𝑄(𝑥𝑥)

𝑥𝑥
𝑓𝑓(𝑥𝑥)𝑔𝑔(𝑦𝑦)𝑑𝑑𝑦𝑦𝑑𝑑𝑥𝑥

∞

𝑥𝑥

∞

0

+               

��
𝑐𝑐𝑓𝑓 + 𝐴𝐴 + 𝑄𝑄(𝑥𝑥)

𝑥𝑥
𝑓𝑓(𝑥𝑥)𝑔𝑔(𝑦𝑦)𝑑𝑑𝑦𝑦𝑑𝑑𝑥𝑥

𝑥𝑥

0

𝑇𝑇

0

                    

= �
𝑐𝑐𝑝𝑝 + 𝑄𝑄(𝑦𝑦)

𝑦𝑦
𝐹𝐹�(𝑦𝑦)𝑔𝑔(𝑦𝑦)𝑑𝑑𝑦𝑦

∞

𝑇𝑇

+                              

𝑐𝑐𝑝𝑝 + 𝐴𝐴 + 𝑄𝑄(𝑇𝑇)
𝑇𝑇

𝐹𝐹�(𝑇𝑇)𝐺𝐺(𝑇𝑇) +                              

�
𝑐𝑐𝑓𝑓 + 𝐴𝐴 + 𝑄𝑄(𝑥𝑥)

𝑥𝑥
𝑓𝑓(𝑥𝑥)�̅�𝐺(𝑥𝑥)𝑑𝑑𝑥𝑥

∞

0

+                     

�
𝑐𝑐𝑓𝑓 + 𝐴𝐴 + 𝑄𝑄(𝑥𝑥)

𝑥𝑥
𝑓𝑓(𝑥𝑥)𝐺𝐺(𝑥𝑥)𝑑𝑑𝑥𝑥

𝑇𝑇

0

                  (7)  

Simple calculation shows that 𝐻𝐻3′(𝑇𝑇) has the same sign as 

ℎ3(𝑇𝑇) = ��𝑐𝑐𝑓𝑓 − 𝑐𝑐𝑝𝑝�𝜌𝜌(𝑇𝑇) + �𝑐𝑐𝑟𝑟𝑘𝑘��̅�𝛽𝑘𝑘 − 1�
𝑇𝑇𝛽𝛽�𝑘𝑘−1

�̅�𝜂𝑘𝑘
𝛽𝛽�𝑘𝑘

𝐾𝐾

𝑘𝑘=1

� −        

�
𝑐𝑐𝑝𝑝 + 𝐴𝐴 + 𝑇𝑇𝑆𝑆′(𝑇𝑇) − 𝑆𝑆(𝑇𝑇)

𝑇𝑇
− 𝐴𝐴

𝑔𝑔(𝑇𝑇)
𝐺𝐺(𝑇𝑇)

�              (8) 

where G(t) is the CDF of  𝑌𝑌� .  If  𝑌𝑌�  is exponential or Weibull, 
then (𝑔𝑔(𝑡𝑡)/𝐺𝐺(𝑡𝑡)) converges to zero as T →  and to infinity 
as T → 0.  Thus ℎ3(𝑇𝑇) converges to infinity as T → , so 
there is always a finite optimum which is positive if the 
second term of (8) has a positive limit at zero. 

5 THE “REPLACE NEXT” APPROACH 

In this case we assume that the unit performs identical 
projects repeatedly.  If it breaks down, then it is replaced 
immediately, otherwise we can wait until the scheduled 
preventive replacement time arrives and the unit is replaced 
when the ongoing project terminates.  This termination time 
depends on T in contrary to the distribution of  𝑌𝑌�  as in the 
previous two cases.  In this case, however, let 𝑍𝑍�𝑖𝑖+1 denote the 
termination time of the ongoing project, then its CDF is given 
as 

𝐺𝐺𝑇𝑇(𝑡𝑡) = �𝑃𝑃�𝑌𝑌�1 + ⋯𝑌𝑌�𝑖𝑖 < 𝑇𝑇 < 𝑌𝑌�1 + ⋯+ 𝑌𝑌�𝑖𝑖 + 𝑌𝑌�𝑖𝑖+1 < 𝑡𝑡�
∞

𝑖𝑖=0

 (9) 

where for i = 0, 𝑌𝑌�1 + ⋯+ 𝑌𝑌�𝑖𝑖 = 0.  The pdf of 𝑍𝑍�𝑖𝑖 is the i-fold 
convolution of g(t) which can be denoted by gi(t), so 

𝑔𝑔𝑖𝑖(𝑡𝑡) = � 𝑔𝑔𝑖𝑖−1(𝜏𝜏)𝑔𝑔(𝑡𝑡 − 𝜏𝜏)𝑑𝑑𝜏𝜏
∞

0

                        (10) 

can be obtained recursively by numerical integration. 
The defining domain of GT(t) is shown in Figure 2, 

 

Figure 2. Domain defining GT(t) 

and since gi(t) and g(t) are independent, for (𝑡𝑡 ≥ 𝑇𝑇) 

𝐺𝐺𝑇𝑇(𝑡𝑡) = 𝐺𝐺(𝑡𝑡) − 𝐺𝐺(𝑇𝑇) + �� � 𝑔𝑔𝑖𝑖(𝑥𝑥)𝑔𝑔(𝑦𝑦)𝑑𝑑𝑦𝑦𝑑𝑑𝑥𝑥
𝑡𝑡−𝑥𝑥

𝑇𝑇−𝑥𝑥

𝑇𝑇

0

∞

𝑖𝑖=1

                   

= 𝐺𝐺(𝑡𝑡) − 𝐺𝐺(𝑇𝑇) + ��𝑔𝑔𝑖𝑖(𝑥𝑥)[𝐺𝐺(𝑡𝑡 − 𝑥𝑥) − 𝐺𝐺(𝑇𝑇 − 𝑥𝑥)]𝑑𝑑𝑥𝑥
𝑇𝑇

0

∞

𝑖𝑖=1

     



= 𝐺𝐺(𝑡𝑡) − 𝐺𝐺(𝑇𝑇) + �𝐻𝐻(𝑥𝑥)[𝐺𝐺(𝑡𝑡 − 𝑥𝑥) − 𝐺𝐺(𝑇𝑇 − 𝑥𝑥)]𝑑𝑑𝑥𝑥
𝑇𝑇

0

  (11) 

where 

𝐻𝐻(𝑥𝑥) = �𝑔𝑔𝑖𝑖(𝑥𝑥)
∞

𝑖𝑖=1

.                                   (12) 

The “replacement last” model can be applied with G(t) 
being replaced by GT(t) and in the objective function only 
cases 4, 5, and 6 are feasible. The objective function becomes 

𝐻𝐻4(𝑇𝑇) = �
𝑐𝑐𝑓𝑓 + 𝑄𝑄(𝑥𝑥) + 𝐴𝐴

𝑥𝑥
𝑓𝑓(𝑥𝑥)𝑑𝑑𝑥𝑥�̅�𝐺𝑇𝑇(𝑇𝑇)

𝑇𝑇

0

+                      

�
𝑐𝑐𝑓𝑓 + 𝑄𝑄(𝑥𝑥) + 𝐴𝐴

𝑥𝑥
𝑓𝑓(𝑥𝑥)�̅�𝐺𝑇𝑇(𝑥𝑥)𝑑𝑑𝑥𝑥

∞

𝑇𝑇

+                      

�
𝑐𝑐𝑝𝑝 + 𝑄𝑄(𝑦𝑦)

𝑦𝑦
𝐹𝐹�(𝑦𝑦)𝑔𝑔𝑇𝑇(𝑦𝑦)𝑑𝑑𝑦𝑦

∞

𝑇𝑇

                        (13) 

Since �̅�𝐺𝑇𝑇(𝑥𝑥) and gT(y) depend on T, no simple analytic 
solution can be obtained in general. 

We can also consider a simplified version of this model, 
when  𝑌𝑌�  is replaced by the termination time of a given 
number, N, of consecutive projects.  Then G(t) has to be 
replaced by the CDF of gN(t), and the two models can be 
applied without further changes. 

6 EXAMPLE 

Consider an object with a Weibull non-repairable failure 
and one type of exponential repairable failure with parameters 
𝛽𝛽 = 2, 𝜂𝜂 = 1, and �̅�𝜆 = 1.  The length of the project is also 
exponential with 𝜆𝜆 = 2.  The utility generation is eV = 200 per 
unit time and the salvage value of the object after t time 
periods is 𝑆𝑆(𝑡𝑡) = 40𝑒𝑒−𝑡𝑡.  The failure and preventive 
replacement costs are cf = 200 and cp = 50, respectively, and 
furthermore the repair cost at each repairable failure is cr1 = 
20.  The project interruption cost is A = 5. 

First we illustrate the replace last and replace next 
models.  In this case: 

𝑓𝑓(𝑡𝑡) = 2𝑡𝑡𝑒𝑒−𝑡𝑡2 ,   𝐹𝐹(𝑡𝑡) = 1 − 𝑒𝑒−𝑡𝑡2 ,   𝐹𝐹�(𝑡𝑡) = 𝑒𝑒−𝑡𝑡2           
𝜌𝜌(𝑡𝑡) = 2𝑡𝑡                                                                                
𝑀𝑀�1(𝑡𝑡) = 𝑡𝑡                                                                                 
𝑄𝑄(𝑡𝑡) = 20𝑡𝑡 − 40𝑒𝑒−𝑡𝑡 − 200𝑡𝑡 = −180𝑡𝑡 − 40𝑒𝑒−𝑡𝑡           
𝑔𝑔(𝑡𝑡) = 2𝑒𝑒−2𝑡𝑡 ,   𝐺𝐺(𝑡𝑡) = 1 − 𝑒𝑒−2𝑡𝑡 ,   �̅�𝐺(𝑡𝑡) = 𝑒𝑒−2𝑡𝑡.            

Figure 3 shows the shape of the objective function of 𝐻𝐻3(𝑇𝑇) of 
the replace last model, where the optimal solution is 𝑡𝑡∗ =
0.20. 

In examining the replace next model, notice first that if  𝑌𝑌�𝑖𝑖 
is exponential with 𝜆𝜆 = 2, then 𝑌𝑌�1 + ⋯+ 𝑌𝑌�𝑖𝑖 is gamma with 
𝛼𝛼 = 𝑖𝑖 and 𝜆𝜆 = 2 with pdf: 

𝑔𝑔𝑖𝑖(𝑡𝑡) =
𝜆𝜆𝑖𝑖

Γ(𝑖𝑖)
𝑡𝑡𝑖𝑖−1𝑒𝑒−𝜆𝜆𝑡𝑡                                       

so 

𝐺𝐺𝑇𝑇(𝑡𝑡) = �1 − 𝑒𝑒−𝜆𝜆𝑡𝑡� − �1 − 𝑒𝑒−𝜆𝜆𝑇𝑇� +                          

�𝜆𝜆�1 − 𝑒𝑒−𝜆𝜆(𝑡𝑡−𝑥𝑥) − 1 + 𝑒𝑒−𝜆𝜆(𝑇𝑇−𝑥𝑥)�𝑑𝑑𝑥𝑥
𝑇𝑇

0

           

= 1 − 𝑒𝑒−𝜆𝜆(𝑡𝑡−𝑇𝑇)                                                     
since 

�𝑔𝑔𝑖𝑖(𝑡𝑡)
∞

𝑖𝑖=1

= 𝜆𝜆𝑒𝑒−𝜆𝜆𝑡𝑡�
(𝜆𝜆𝑡𝑡)𝑖𝑖−1

(𝑖𝑖 − 1)!

∞

𝑖𝑖=1

= 𝜆𝜆 

and so in (13), 
𝑔𝑔𝑇𝑇(𝑡𝑡) = 2𝑒𝑒−2(𝑡𝑡−𝑇𝑇)  and  �̅�𝐺𝑇𝑇(𝑡𝑡) = 𝑒𝑒−2(𝑡𝑡−𝑇𝑇)  

Figure 4 illustrates 𝐻𝐻4(𝑇𝑇) and the optimal solution is 𝑡𝑡∗ =
0.07. 
 

Figure 3.Replace last cost function H3(t) 

Figure 4. Replace next cost function H4(t) 

We also notice that with exponential repairable failures 
the replace first model cannot be applied, since the first 
integral term of (5) becomes infinity.  In comparing 
replacement first and last models we now assume that the 
length of a project is also Weibull with parameters �̅�𝛽 = 2,  𝜂𝜂� =



2, keeping all other distributions and data unchanged. In this 
case 

𝑔𝑔(𝑡𝑡) =
2𝑡𝑡
4
𝑒𝑒−

𝑡𝑡2
4 ,   𝐺𝐺(𝑡𝑡) = 1 − 𝑒𝑒−

𝑡𝑡2
4  and  �̅�𝐺(𝑡𝑡) = 𝑒𝑒−

𝑡𝑡2
4 . 

Figures 5 & 6 show the shapes of  𝐻𝐻2(𝑇𝑇) and 𝐻𝐻3(𝑇𝑇) and the 
optimal solutions are 𝑡𝑡2∗ = 0.23 and 𝑡𝑡3∗ = 0.13. 
 

Figure 5. Replace first cost function H2(t) 

Figure 6. Replace Last cost function H3(t) 

REFERENCES 

1. X. Zhao, T. Nakagawa, “Optimization Problems of 
Replacement First and Last in Reliability Theory,” 
European Journal of Operational Research, vol. 223, 
(Nov.) 2012, pp 141-149. 

2. F. Szidarovszky, S. Yakowitz, Principles and Procedures 
of Numerical Analysis, New York, Plenum Press, 1986. 

3. H. Wang, “A Survey of Maintenance Policies of 
Deteriorating Systems,” European Journal of Operational 
Research, vol. 139, (Jun.) 2002, pp 469-489. 

4. A. Jardine, A. Tsang, Maintenance, Replacement and 
Reliability: Theory and Applications, Boca Raton, Taylor 
and Francis, 2006. 

5. A. Jardine, “Optimizing Maintenance and Replacement 
Decisions” (tutorial), Proc. Ann. Reliability & 
Maintainability Symp., (Jan.) 2006. 

6. T. Nakagawa, Advanced Reliability Models and 
Maintenance Policies, London, Springer, 2008. 

7. M. Finkelstein, Failure Rate Modelling for Reliability and 
Risk, London, Springer, 2008. 

8. M. Finkelstein, J.H. Cha, Stochastic Modelling for 
Reliability, Shocks, Burn-in and Heterogeneous 
Populations, London, Springer, 2013. 

9. E.A. Elsayed, Reliability Engineering, Hoboken, John 
Wiley & Sons, 2012. 

BIOGRAPHIES 

Miklós Szidarovszky 
1450 S. Eastside Loop 
Tucson, AZ 85710-6703, USA 

e-mail: Miklos.Szidarovszky@ReliaSoft.com 

Miklós Szidarovszky is a Research Scientist at ReliaSoft 
Corporation.  He is involved in the development of various 
ReliaSoft software products, the delivery of training seminars, 
and consulting projects.  His areas of interest include Life 
Data Analysis, Accelerated Testing, System Reliability, 
Probabilistic Event and Risk Analysis and Risk Based 
Inspection.  Mr. Szidarovszky holds a B.S. and an M.S. in 
Chemical Engineering from the University of Arizona. He is a 
Certified Reliability Professional (CRP). 

Ferenc Szidarovszky 
1450 S. Eastside Loop 
Tucson, AZ 85710-6703, USA 

e-mail: szidarka@gmail.com 

Ferenc Szidarovszky is a senior researcher with the Ridgetop 
Group Inc. working on theoretical issues concerning 
reliability, robustness, optimal maintenance and replacement 
policies and prognostics in complex systems.  In addition to 
these industrial applications he also performs research in 
systems theory, especially in dynamic economic systems.  He 
has earned two PhD degrees, one in Applied Mathematics and 
another in Economics in Hungary.  The Hungarian Academy 
of Sciences has awarded him with two higher degrees, 
Candidate in Mathematics and Doctor of Engineering 
Sciences.  After graduating in Hungary, he became a professor 
of the Eotvos University of Sciences, Budapest and later 
became an acting department head at the Budapest University 
of Horticulture and Food Industry.  In 1987 he moved to the 
US and from 1988 he was a professor of the Systems and 
Industrial Engineering Department at the University of 
Arizona.  From September 2011 he was a Senior Researcher at 
ReliaSoft Corporation, and as of July 2015 he is with Ridgetop 
Group.  As a Hungarian professor he was an investigator in 
the first US-Hungarian joint research project jointly supported 
by the NSF and Hungarian Academy of Sciences on Decision 
Models in Water Resources Management.  He has performed 
research in very broad fields of applied mathematics including 



numerical analysis, optimization, multi-objective 
programming, game theory, dynamic systems, applied 
probability and their applications in industrial processes, 
environment, water resources management, economics, 
computer network security among others.  He is the author of 
20 books and over 350 articles in international journals in 
addition to numerous conference presentations and short 
courses taught in many countries.  He currently also has a 
professor position with the Applied Mathematics Department 
of the University of Pecs, Hungary, where his duty is a one-
week long intensive Game Theory Course every year. 

Huairui Guo 
1450 S. Eastside Loop 
Tucson, AZ 85710-6703, USA 

e-mail: guohuairui@hotmail.com 

Huairui Guo was the Director of Theoretical Development at 
ReliaSoft Corporation.  He received his Ph.D. in Systems and 
Industrial Engineering from the University of Arizona.  He has 
conducted consulting projects for over 20 companies from 
various industries, including renewable energy, oil and gas, 
automobile, medical devices and semiconductors.  As the 
leader of the theory team, he was deeply involved in the 
development of Weibull++, ALTA, DOE++, RGA, BlockSim, 
Lambda Predict and other products from ReliaSoft.  Dr. Guo 
is a member of SRE, IIE and ASQ.  He is a Certified 
Reliability Professional (CRP), a Certified Reliability 
Engineer (CRE) and a Certified Quality Engineer (CQE).  He 
is now working as a Reliability and Statistical Specialist for an 
automobile company. 

 


	1 Introduction
	2 The classical model
	3 the “replace first” approach
	4 The “Replace last” approach
	5 The “replace next” approach
	6 example

