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SUMMARY & PURPOSE 
 
Most product failures are caused by the degradation of materials and devices.  Typical examples include crack growth on a 

shaft and the decrease of adhesive force between material surfaces. The critical parameters of semiconductor devices, such as 
the threshold voltage, drive current and capacitor leakage, also degrade over time. For such degrading products, failures occur 
when the degradation measure reaches a critical value (failure threshold) making the products inoperable as designed. For 
reliability evaluation purposes, it is important to investigate how critical material parameters and performance characteristics 
degrade with time. This tutorial will discuss some practical approaches to degradation data modeling and to the ways of using 
the related models to conduct reliability evaluation.   
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1. INTRODUCTION 

Most failures of electrical and mechanical components can 
be attributed to the degradation of a given material.  For 
example, the TDDB (Time Dependent Dielectric Breakdown) 
failures of capacitors are due to the degradation of the 
insulation material.  Interconnects can fail because of resistance 
rising caused by electric-migration induced voids. The wearing 
and cracking of mechanical components result from changes of 
material properties usually caused by repeated load and cyclical 
stress.  

For failures caused by degradation, there are two ways to 
define failures. One is using the percentage of degradation 
change. For instance, if the light intensity of an LED light is 
less than 80% of its initial value, then a failure occurs.  Another 
common way is using the degradation value directly. For 
example, the output voltage of a semiconductor component 
decreases with time. When the voltage is below 1.2 voltages, 
then a failure occurs.  

For some degradation processes, such as the capacitor 
breakdown voltage, the capacitor is destroyed after its 
breakdown voltage is measured.  This is called destructive 
measurement.  In other words, only one degradation reading 
can be obtained from each test unit; it is impossible to get the 
actual degradation path of a test unit.  For other degradation 
processes, such as the degradation of an LED light, degradation 
(light intensity) can be measured multiple times. Therefore, a 
degradation path can be established for each test unit.  

Some degradation processes have a degradation delay 
period. For example, blisters on a paint surface will not appear 
right away. They appear after a random time period and then 
grow over time. Cracks on a mechanical component initiate and 
grow. When a crack reaches a specified size, the component 
meets the definition of “failure” and should be replaced. 
Special models should be used for the degradation processes 
with initiation time.  

Stresses such as temperature, humidity, and vibration will 
accelerate degradation processes. To get data quickly, 
accelerated degradation tests can be conducted. Once the 
degradation data is obtained, the next question is: How do we 
use the data to evaluate the reliability of a product at a given 
stress?  For example, what percentage of semiconductor 
components sold this year will have a voltage reading less than 
1.2 volts in 3 years under the normal use condition? To answer 
this question, we need to correlate degradation data with 
reliability. In this tutorial, we will discuss some practical 
approaches to degradation data modeling and the ways of using 
the related models for reliability evaluation.  The following 
topics will be covered in detail: 
• Degradation data modeling and reliability evaluation for 

non-destructive measurement. 
• Degradation data modeling and reliability evaluation for 

destructive measurement. 
• Methods for modeling degradation processes with 

degradation initiation time.  
• Accelerated degradation data modeling and reliability 

evaluation.  
To help readers understand reliability evaluation, some 

basics on life data and accelerated life data analysis will also be 
explained. 

2. DATA ANALYSIS FOR REGULAR DEGRADATION 
PROCESSES 

A regular degradation process is defined as a degradation 
process without initiation time, and it can be described by a 
single math function. Most degradation processes are in this 
category. 

2.1 Regular Degradation Process Modeling 

Once a set of degradation data is available, we need to use 
a model to describe how the degradation changes with time. 
The first step is to find the right model type, such as a power 
model or linear model. Once a model type is defined, the 
second step is to estimate the model parameters.  

There are two ways of selecting the model type.  
• If the physics of degradation is known, we can select the 

right model type based on the physics. For example, past 
research has found out that the resistance drift of a thin 
film resistor follows a power function with time, so a 
power function should be used.  

• If the physics of degradation is not clear, and this usually 
is the case, we can try different models and select the one 
that can best fit the data.   

2.1.1 Select a Model Based on the Physics of Degradation 

For many commonly used electronic/electrical and 
mechanical components, the physics of degradation have been 
well studied. In the following sections, we will list some of 
them.  

Resistor: The Arrhenius equation has been used to predict 
resistance drift in thin film resistors [1]. At a given 
temperature, the change of the resistance of a resistor can be 
described by 

0

0

( ) ln( )ln ln( )Y t Y B t C D t F
Y T

 − × +
= + × + 

 
      (1) 

where 0Y  is the initial resistance value; ( )Y t  is the resistance 
at time t (in hours); T  is temperature in Kevin; and B, C, D, F 
are model parameters.  

At a given temperature, the above equation can be 
simplified as 

0

0

0

0

0

0

( ) ln( )ln ln( )

( )ln ln( )

( )ln ln( )

Y t Y B t C D t F
Y T

Y t Y B CD t F
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where a and b are the new model parameters and need to be 
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estimated from degradation data. This is a log linear model.  
 

Capacitor: The degradation of aluminum electrolytic 
capacitors has been studied by [2]. The primary reason for the 
degradation is due to vaporization and degradation of 
electrolyte due to ion exchange during charging and 
discharging. As a result, the capacitance of a capacitor will 
decrease. The failure threshold under storage conditions for 
capacitance (C) is 10%. A physics inspired degradation model 
was derived based on the capacitance degradation data from 
electrical overstress experiments. This model relates time to the 
percentage loss in capacitance and has the following form 

0

0

( ) a tC t C e b
C

×−
= +     (2) 

where 0C  is the original capacitance; ( )C t  is the capacitance at 
aging time t, and a and b are model parameters. This is an 
exponential model. 

Transistor: The degradation of HBT (Hetrojunction 
Bipolar Transistor) and MESFET (Metal Semiconductor Field-
Effect Transistor) has been studied by [3]. Transistor gain β  is 

defined by ce beI I (collector current/base current).  For HBT, 
the gain decreases with time since the base current will increase 
with time and the collector current usually does not change. It 
was found that the following equation can describe the β  
degradation. 

0

0

( ) ln(1 )t a b tβ β
β
−

= + ×    (3) 

This is a logarithmic function.  
The degradation of CMOS (Complementary metal-oxide-

semiconductor) transistors has also been studied by [4, 5]. The 
following equation is used for the degradation of the drain 
current under a given constant voltage. 

0( ) nI t I C t− = ×     (4)  

where 0I  is the initial drain current; ( )I t  is the drain current at 
time t . This is a power function. Other forms for the 
degradation of the drain current are also used. For example, in 
[6], the following log linear equation is used. 

0

0

( )log log( )I t I a t b
I

 −
= + 

 
  (5) 

In fact, Eq.(5) can be obtained from Eq.(4), if we divide 0I  on 
both sides of Eq.(4) and then take the logarithm transform (base 
10).  

Degradation models for other electronic/electrical and 
mechanical components can also be found from published 
papers and books. It is clear that researchers are trying to model 
degradation processes with simple functions. Commonly used 
functions are linear, exponential, logarithmic, and power 
functions. Therefore, if the model for a degradation process 
cannot be obtained based on the physics of degradation, a 
statistical method can be used to find a model that can best fit a 

given data set. In the following section, we will explain how to 
apply statistical methods to select a degradation model. 

 

2.1.2 Select a Model Based on Statistical Modeling Approach 

The common used degradation models are: 
• Linear model: ( )D t a t b= × +  

• Exponential model: ( ) a tD t b e ×= ×  

• Power model: ( ) aD t b t= ×  
• Logarithmic model: ( ) ln( )D t a t b= +  
where ( )D t  is an index representing the degradation. It can be 
the degradation measurement such as the tread depth of a tire; 
it also can be the change from the initial degradation reading as 
in Eq.(4), or the percentage of change from the initial reading 
as in Eq.(2) and (3). It can also be any transformation of the 
above values as in Eq.(1) and (5) where the logarithm 
transformation is used.  

Once a set of degradation data is available, we can use the 
above four models (or any other models) to fit the data and then 
choose the best one.  

Example 1: Assume we have collected the resistance data 
of an electronic component. The percentage of the change from 
the initial resistance value is given in Table 1 and used in the 
degradation model. We need to find a model to describe how 
the resistance changes with time.  

Table 1.  Resistance Degradation Data 

Inspection 
Time 

Change 
(%) 

Unit 
ID 

Inspection 
Time 

Change 
(%) 

Unit 
ID 

100 1.05 1 10000 6.3 3 
1000 3.4 1 25000 8.9 3 
2000 4.9 1 35000 11.2 3 
3000 5.9 1 40000 14 3 
5000 7.8 1 100 0.6 4 

10000 11.1 1 1000 1.7 4 
25000 18.5 1 2000 2.1 4 
35000 22.1 1 3000 2.7 4 
40000 24.2 1 5000 3 4 
100 0.58 2 10000 4.2 4 
1000 2.3 2 25000 5.7 4 
2000 3.8 2 35000 8 4 
3000 4.4 2 40000 10.9 4 
5000 5.9 2 100 0.62 5 

10000 8.4 2 1000 1.55 5 
25000 12.6 2 2000 2.2 5 
35000 15.4 2 3000 2.5 5 
40000 18.1 2 5000 2.8 5 
100 0.86 3 10000 4.4 5 
1000 2.3 3 25000 4.7 5 
2000 3.2 3 35000 6.4 5 
3000 3.8 3 40000 9.4 5 
5000 4.6 3     

Assume that we do not have any knowledge of the physics 
of the degradation. We do not yet know which model should be 
used. Therefore, we need to apply the above four commonly 
used models to the data in order to find the best one. The four 
models are ranked based on the SSE (sum squares of error). A 
model with a smaller SSE is better than a model with a larger 
SSE. SSE is defined as 
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( )2

1 1 1

ˆ
inm m

i ij ij
i i j

SSE SSE Y Y
= = =

= = −∑ ∑∑   (6) 

where 1,...,i m= is the unit ID; 1,..., ij n=  is the observation 
ID for the ith unit.  ijY  is the observed degradation value while 

îjY  is the predicted value using a given model.  
For the data in Table 1, the SSE and the rank of each 

candidate model is given in Table 2. 

Table 2.  Rank of Each Candidate Model 

Model SSE Rank 

Linear 45.76 2 

Exponential 236.83 4 

Power 22.66 1 

Logarithm 217.86 3 

 
Table 2 shows that the power model is the best among the 

four candidate models. A plot using the power model is given 
in Figure 1.  

 

 
Figure 1.  Fit a Power Model to the Resistance Data 

Sometime even the best one from the four common used 
models cannot fit the data well. To check if a model can fit the 
data well or not, we need to check the 2R  value which is the 
square of the correlation coefficient of ijY  and îjY . If 2R  is 
close to 1, then it means the predicted values are close to the 
observed values. For this example, the 2R  of the power model 
is 0.985. Therefore, the power model can fit this data set very 
well.  

In this section we introduced two methods on selecting a 
degradation model for a given data set. One is based on the 
physics of degradation and the other uses a statistical approach. 
The first method usually is better than the second one. This is 
because the second method is based on limited degradation 
data, while the first method utilizes knowledge on physics of 

degradations from many other researchers.  

2.2 From Degradation Measurement to Reliability Evaluation 

Once we have the degradation model for each test unit, we 
can predict the degradation value or its distribution at a future 
time. Based on the prediction, we want to know the percentage 
of the population that will fail at a given time, or in other 
words, the fraction of the population that will reach the 
degradation threshold value at a given time. Let’s use examples 
to illustrate how to do this. 

Example 2: If the percentage of resistance change in Table 
1 is greater than 20%, then the electronic component is 
considered failed. Please use the degradation data in Table 1 to 
estimate the reliability of the product after 50,000 hours of 
operation.   

One simple approach to estimate the reliability is using the 
so called pseudo failure time method. For each test unit, the 
time when it reaches the degradation threshold value is 
predicted using the obtained degradation model. All the 
predicted failure times are then used to get the failure time 
distribution. Once the failure time distribution is obtained, then 
the reliability at any time can be estimated.  

For the 1st test unit in Table 1, its degradation model is 
0.522754( ) 0.092246D t t= ×  

Set ( ) 20%D t =  the critical value, the predicted failure time is 
16974.29 hours. For data in Table 1, the parameters of the 
power function of each test unit and the predicted pseudo 
failure time are given in Table 3.  

Table 3. Model Parameters and Predicted Pseudo Failure 
Times for Data in Table 1 

 
 

The commonly used failure time distributions are Weibull, 
lognormal, and exponential. For the Weibull distribution, the 
reliability at time t is 

( )
t

R t e

β

η
 

− 
 =    (7) 

where β is the shape parameter and η  is the scale parameter. 
The parameters can be estimated using either the least 
squares or the maximum likelihood method. For the data in 
Table 3, the estimated reliability function is 

0.882

207206( )
t

R t e
 − 
 =  

Using the above equation, the reliability at time 50,000 is 
0.75. The probability plot together with the 90% two-sided 
confidence intervals is given below.  

Unit ID Parameter a Parameter b Failure Time
1 0.522754 0.092246 29430.14766
2 0.555941 0.049245 49243.21079
3 0.445871 0.107009 124383.6121
4 0.447698 0.073103 277722.6019
5 0.412857 0.091016 470382.3656
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Figure 2.  Weibull Probability Plot for Data in Table 1 

2.3 Other Approaches for Regular Degradation Process 
Modeling 
In addition to the above pseudo failure time method, there 

are two other popularly used methods for estimating reliability 
from degradation data. They are the random process modeling 
method and the random effect modeling method. The random 
process modeling method will be explained in the next section 
for degradation with destructive measurement. The random 
effect method is discussed in detail in [7]. In this method the 
coefficients in a degradation path model are treated as random 
variables. These random effect coefficients represent the effects 
of time and variation among test units. A simple example is 
used to explain this approach.  

Suppose the actual degradation path of a particular unit is 
linearly changing with time and is given by 

( )D t b a t= + ×  
If the random coefficients b  and a  have a bivariate 

normal distribution with parameters bµ , aµ , 2
bσ , 2

aσ , and 

,b aρ , then the probability of failure at time t  can be calculated 
by 

( ) |

|

, , 1( ) crit a b b
nor nor

a b b b

g D t b bF t db
µ µ

φ
σ σ σ

∞

−∞

 −  −
= F −   

    
∫    

where ( ), ,critg D t b  is the value of a that gives ( ) critD t D=  the 
degradation critical value for specified b  and where 

|
b

a b a a
b

b µµ µ ρσ
σ

 −
= +  

 
,  ( )2 2 2

| 1a b aσ σ ρ= −  

The random effect approach can be extended to cases 
where there are more than two continuous random variables. 
Since multiple integrals need to be evaluated, analytical 
solutions for probability of failure and its confidence intervals 
are not easy to obtain. Therefore simulation methods are used. 
For more detail on the random effect method, readers please 
refer to [7, 8].  

3. DATA ANALYSIS FOR SOME SPECIAL DEGRADATION 
PROCESSES  

In this section, we will explain modeling methods for three 
special degradation processes: degradation with destructive 
measurement, degradation with initiation time, and degradation 
with both destructive measurement and initiation time.  

3.1 Degradation with Destructive Measurement 

Although the pseudo failure time approach introduced in 
the previous section is simple and easy to use, it cannot be used 
for degradation with destructive measurement. This is because 
for each test unit, only one degradation reading is collected. 
With only one degradation reading, it is impossible to build a 
degradation model for each individual unit and use the model 
to predict failure time. In this section, we will explain another 
degradation data modeling approach, the random process 
modeling method. This method can be used for degradation 
with destructive measurement.  

Degradation with destructive measurement is not 
uncommon. Examples are the capacitor breakdown voltage and 
circuit short due to dendrite growth between two parallel 
copper conductors. Let’s use the capacitor breakdown voltage 
as an example to explain the random process method.  

Example 3: The dielectric breakdown voltage of one type 
of capacitor decreases with time. When the breakdown voltage 
is less than a threshold value, then the capacitor is defined as 
failed.  32 capacitors were tested. The test results are given in 
Table 4. 

Table 4. Capacitor Dielectric Breakdown Voltage Data 

 
 

If the threshold is 8KV, then what is the probability that a 
capacitor’s breakdown voltage will be less than 8KV at time t? 
In other words, what is the unreliability at time t for this 
capacitor? 

In the random process method, the degradation value is 
assumed to be a random variable following a certain 
distribution at a given time. For example, we can assume that 
the breakdown voltage follows a Weibull distribution at any 

Unit ID Week
Breakdown 

Voltage 
(KV)

Unit ID Week
Breakdown 

Voltage 
(KV)

1 1 15 17 16 12
2 1 14.5 18 16 12
3 1 12.5 19 16 11.5
4 1 11 20 16 12
5 2 12.5 21 32 11
6 2 12 22 32 10
7 2 11.5 23 32 10.5
8 2 12 24 32 10.5
9 4 12 25 48 7

10 4 13 26 48 6.9
11 4 12 27 48 8.8
12 4 13.5 28 48 7.9
13 8 12 29 64 7.2667
14 8 11.5 30 64 7.5
15 8 11.5 31 64 6.7
16 8 11.5 32 64 7.6
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given time. The scale parameter η  decreases with time, but the 
shape parameter β  is constant over time. The unreliability at 
time t will be 

( ) ( )( )/( ) Pr 1 critD t
t critF t D D e

βη−= < = −   (8) 

where ( )F t is the unreliability at time t. tD  is the random 
degradation value at time t. It following a Weibull distribution 
with parameter of β  and ( )tη . ( )tη is a function of time. The 
function could be any commonly used degradation function 
such as linear, power, exponential, and logarithmic. Since ( )tη  
must be a positive value, it is usually assumed that the function 
is for ( )ln ( )tη . If ( )ln ( )tη changes linearly over time, the 
function is  

( )ln ( )t b a tη = + ×    (9) 

The unknown parameters are β , a , and b . We can use MLE 
(Maximum Likelihood Estimation) to solve them.  

For the data in Table 4, the results are: 

Table 5. Capacitor Degradation Model Result 

 
 
As illustrated in the following plot, the shaded curve is the 

pdf (probability density function) of the random degradation 
value.  It decreases with time. The red portion of the pdf that is 
below the red critical line is the unreliability.  

 
Figure 3. Random Process Model for the Breakdown Voltage  

The solid blue line in the middle of the above plot connects 
the η  values of the Weibull distributions at different time. The 
dashed blue lines are the 90% and 10% percentile of the 
Weibull distribution. The red dots are the observed degradation 
values. 

Using the estimated model parameters, we can calculate 
the probability of failure (unreliability) at a given time t. For 
example, the unreliability at a time of 50 weeks is 0.376, and 
its 90% two-sided bounds are [0.2395, 0.5572]. This can be 

calculated using commercial software tools. For example, 
results from ALTA, a product from ReliaSoft is given below.  

 

 
Figure 4. Predicted Unreliability at 50 Weeks (Critical 

degradation value = 8KV) 

In this example, Weibull distribution and a linear function 
for the scale parameter η  are used. Other distributions such as 
lognormal, normal, and exponential, and other functions such 
as logarithmic and power also can be used for the location 
parameter in a given distribution.  

3.2 Degradation with Initiation Time 

Some degradation processes do not start right away. They 
have a degradation initiation or degradation delay period. There 
are many ways to model this type of degradation [9, 10]. One 
easy way is using the pseudo failure time method by treating 
the initiation time as a parameter in the degradation function. 
Let’s use one example to illustrate it.  

Table 6. Crack Growth with Initiation Time 

 
 
Example 4: Cracks on a mechanical component surface are 

monitored. The inspection results are given in the following 
table. In the first 3 inspection, no cracks were found. The exact 

Parameters MLE Standard Error
beta 13.668 1.870828693

a -0.00949 0.000627248
b 2.6089 0.019646883

Unit ID
Time 
(Hr)

Degradation 
(mm)

Unit ID
Time 
(Hr)

Degradation 
(mm)

A 10 0.0 C 10 0.0
A 20 0.0 C 20 0.0
A 30 0.0 C 30 0.0
A 100 13.8 C 100 9.0
A 200 19.1 C 200 14.0
A 300 24.5 C 300 18.3
A 400 26.8 C 400 20.2
A 500 27.8 C 500 22.5
B 10 0.0 D 10 0.0
B 20 0.0 D 20 0.0
B 30 0.0 D 30 0.0
B 100 8.6 D 100 2.0
B 200 14.1 D 200 10.2
B 300 21.5 D 300 17.2
B 400 25.3 D 400 22.2
B 500 29.1 D 500 27.6
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crack initiation time for each test unit is unknown. Failure is 
defined as when the crack length reaches 30mm. Engineers 
want to estimate the reliability of this component and the 
distribution of the crack initiation time.   

For some of the common degradation models such as the 
linear model, they can be used directly to model degradations 
with initiation time. For other models such as the power 
function, they need to be modified in order to consider the 
degradation delay.  For this example, we use the following 
modified power function 

( )0( ) aD t b t t= −    (10) 

where 0t  is an additional parameter representing the 
degradation initiation time. Applying this model, the estimated 
parameters for each test unit are 

Table 7. Degradation Model for the Crack Data 

 
 
The observed and predicted crack lengths are given in 

Figure 5.  

 
Figure 5. Predicted and Observed Crack Length 

Fit a Weibull distribution to the estimated crack initiation 
time, the distribution parameters are 2.357β = , 67.143η = . 
Using this distribution we know the mean time to initiate a 
crack is 59.5 hours and the time when 50% of the population 
has cracks is 57.47 hours.  

Similarly, we can use a degradation model to predict the 
failure time for each test unit. The difference between the 
predicted failure time and the crack initiation time is the crack 
growth time (from a crack initiation to a failure occurrence). 
The distribution can also be fitted to the predicted failure times 
and the crack growth times. For this example, the predicted 
failure times are 578.02, 514.07, 959.7, and 549.3. When a 
Weibull distribution is used, the fitted distribution parameters 
are 2.912β = , 741.28η = . The reliability at 500 hours of 
operation is 0.728 and its 90% two-sided confidence interval is 

[0.355, 0.907]. The confidence interval is quite wide. This is 
because there are only 4 samples.  

 

 
Figure 6. Reliability at 500 Hours for Crack Data 

In this section, we explained how to use a degradation 
model to predict the initiation time and the failure time for each 
test unit. The predicted times can then be used to study the 
properties of initiation time, degradation growth time, and 
failure time. This method is easy to understand and simple to 
apply.  

3.3 Degradation with Initiation Time and Destructive 
Measurement 

Some degradation processes, such as the dendrite growth 
process in a circuit board, have an initiation time and require 
destructive measurement. Dendrite growth between two 
conductors will cause circuit shot. With the increasing of the 
density of PCB, dendrite becomes a more and more important 
issue. Dr. Nelson reported a case study in [8]. We will use the 
random process model explained in section 3.1 for this data set.  

Example 5: Table 8 displays data on 12 circuits.  For each 
circuit, the data has the age when it was opened and the size of 
its dendrite, as a percentage of the distance between the 
conductors.  The four circuits with a size of 0 had not yet 
initiated a dendrite. When the size reaches 100%, then a failure 
occurs. We need to estimate the distribution of dendrite 
initiation time and the distribution of the failure time.  

Table 8. Dendrite Age and Size Data 

 
 
The dendrite size is considered to be a random variable 

following a certain distribution at any given time. The location 

Parameter Unit A Unit B Unit C Unit D
a 0.3147 0.6508 0.4011 0.7452
b 4.1899 0.5382 1.9567 0.3105
t0 57.4805 32.0178 55.7130 88.0809

1 171 48 7 180 40
2 81 0 8 159 43
3 74 0 9 92 0
4 180 54 10 141 15
5 198 57 11 140 32
6 149 34 12 99 0

Circuit Age 
(Week)

Dendrite 
Size (%) Circuit Age 

(Week)
Dendrite 
Size (%)

6 – Guo & Liao 2015 AR&MS Tutorial Notes 



 
parameter of the distribution is a function of time.  For 
instance, we can use a normal distribution and a linear function 
for the dendrite data.  

( )( ; ) y tF y t µ
σ
− = F 

 
   (11) 

( )t a t bµ = × +     (12) 

where ( )F ⋅ is the standard normal cdf (cumulative distribution 
function); y is the dendrite size at time t. This linear-normal 
regression model is depicted in Figure 7 with its probability 
densities ( ; )f y t .  

 
Figure 7. From Degradation to Initiation and Failure Time 

For this model, the fraction of the dendrite size below 0 at time 
t is 

( ) 0 ( )0; t a t bF t µ
σ σ
− − × −   = F = F   

   
 (13) 

This is the fraction of the population that has not initiated the 
dendrite yet. The cdf for the initiation time is 

( )/
( ) 1 (0; )

/
t b a

G t F t
aσ

− − 
= − = F 

 
    (14) 

Eq.(14) shows that the initiation time follows a normal 
distribution with a mean of ( ) /G b aµ = −  and standard 

deviation of /H aσ σ= . 
Similarly, the fraction of the dendrite size below the 

critical degradation value critD  at time t is 

( ) ( ); crit crit
crit

D t D a t bF D t µ
σ σ
− − × −   = F = F   

   
 (15) 

This is reliability of the population at time t. The cdf of the 
failure time is 

( ) /
( ) 1 ( ; )

/
crit

crit

t D b a
H t F D t

aσ
− − 

= − = F 
 

      (16) 

Eq.(16) shows that the failure time follows a normal 
distribution with a mean of ( ) /H critD b aµ = −  and standard 

deviation of /H aσ σ= . Model parameters a, b, and σ  can 

be estimated using MLE. Test units with a dendrite size of 0 
are treated as suspensions. The inspection time is the 
suspension time. The likelihood function for the data in Table 
8 is 

( ) ( )
1 1

1 0; ;
m n

j i i
j i

F t f y t
= =

 Λ = − ∏ ∏     (17) 

where m is the number of units with a dendrite size of 0; n is 
the number of units with a dendrite size larger than 0. By 
maximizing the logarithm of the likelihood function of 
Eq.(17), we found the MLE for the model parameters. 

Table 9. Model Parameter for the Dendrite Data 

 
Therefore, Using Eq.(14) with the parameter in Table 9, we 
know the dendrite initiation time follows a normal distribution 
with a mean of 104.5 and standard deviation of 10.07. 
Similarly, we know the failure time follows a normal 
distribution with a mean of 255.93 and standard deviation of 
10.07. With this information, we can calculate the reliability.  

220 255.93(220) 1 0.9998
10.07

R − = −F = 
 

 

The fraction of the population that has initiated dendrites at 
100 weeks is 

( )100 / 100 104.5( ) 0.3274
/ 10.7

b a
G t

aσ
− −  − = F = F =   

  
 

The linear degradation function and a normal distribution 
are used in this example. Other degradation functions and other 
location (or log location)-scale distributions also can be used in 
the same way. For details, please refer to [8].  

4. DATA ANALYSIS FOR ACCELERATED DEGRADATION 
PROCESSES 

Degradation rate is affected by stresses such as 
temperature and load. Therefore degradation is a function of 
both time and stress. All the modeling methods discussed so far 
only included time in the degradation function. By including 
other stresses (time can be treated as a special stress) in the 
model, we can extend the methods discussed in previous 
sections to accelerated degradation test data. In this section, we 
will briefly explain the pseudo failure time method and the 
random process method by including additional stresses in the 
model.   

4.1 Pseudo Failure Time Method for Multiple Stresses 

When units are tested under different stresses, the 
predicted pseudo failure times are associated with the 
corresponding stress level. With the predicted failure times and 
the associated stress values, a regular accelerated life data 

Parameters MLE Standard Error
Sigma 6.6512 1.3585

b -69.0449 6.8500
a 0.6605 0.1663

2015 Annual RELIABILITY and MAINTAINABILITY Symposium Guo & Liao – 7 



analysis method can be used to predict the reliability at the use 
stress condition. The following example is used to explain the 
modeling process for accelerated degradation test. 

Example 6: The degradation of the thickness of a 
component is affected by the pressure applied to it. Eight 
samples are tested under two different pressure levels. The test 
results are given in the following table.  

Table 10. Thickness under Different Pressure Values 

 
 

The critical degradation value is defined as 55 mil (0.001 
inch). Suppose the exponential function is used for the 
degradation path, the predicted failure time for each test unit is 
listed in Table 11. 

Table 11. Predicted Failure Times and Associated Pressure 

 
Failure times in Table 11 can be used for accelerated life 

data analysis. In accelerated life data analysis, the life 
characteristic of the failure time distribution is assumed to be 
affected by stress levels. The η  parameter in the Weibull 
distribution, the log-mean parameter in the lognormal 
distribution, and the mean time in the exponential distribution 
are the life characteristics. The relation between the life 
characteristic and stresses is called the life-stress relationship. 
Assume the Weibull distribution and the power law life-stress 
relationship is used, the reliability at time t under a given stress 
s is 

( )( ; )
t
sR t s e

β

η
 

−  
 =    (18) 

1( ) ns
K s

η =
×

     (19) 

 

 
Figure 8. Degradation Patch for the Thickness  

The MLE results for the model parameters are 11.048β = , 
146.64 10K −= × , and 6.712n = . Using this model, we can 

predict the reliability at time t under use pressure of 32 psi. The 
predicted reliability at 1000 hours and its 90% two-sided 
confidence interval are shown in Figure 9. 

 

 
Figure 9. Degradation Patch for the Thickness 

In this example, the pseudo failure time method is used for 
accelerated degradation test data. In the following section, we 
will explain how to use the random process method to model 
accelerated degradation test data.  

4.2 Random Process Method for Multiple Stresses 

As discussed in section 3.1 and 3.3, the random process 
method treats the degradation value at a given time as a random 
variable following a certain distribution. The scale (or location) 
parameter in the distribution is a function of time. When units 

Time 
(hr)

Thickness 
(mils)

Pressure 
(psi)

Unit 
ID

Time 
(hr)

Thickness 
(mils)

Pressure 
(psi)

Unit 
ID

50 82.1 40 1 50 93.3 35 5
100 71.4 40 1 100 87.1 35 5
150 65.4 40 1 150 79.7 35 5
200 61.7 40 1 200 74.3 35 5
250 58 40 1 250 73 35 5
50 79.4 40 2 50 98.3 35 6
100 70.3 40 2 100 92.4 35 6
150 64 40 2 150 89 35 6
200 61.3 40 2 200 84.3 35 6
250 59.3 40 2 250 83 35 6
50 76.3 40 3 50 96.6 35 7
100 68.3 40 3 100 88.2 35 7
150 62.3 40 3 150 85.1 35 7
200 60 40 3 200 81.4 35 7
250 56 40 3 250 78.6 35 7
50 75.1 40 4 50 95.8 35 8
100 66.7 40 4 100 89 35 8
150 62.8 40 4 150 84 35 8
200 59 40 4 200 81 35 8
250 54 40 4 250 80 35 8

Predicted Failure 
Time

Pressure 
(psi) Unit ID

269.24 40 1
281.51 40 2
253.39 40 3
238.05 40 4
449.08 35 5
712.49 35 6
600.85 35 7
638.61 35 8
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are tested under different stresses, their degradation is not only 
affected by time, but also by the stress levels. Assume 
degradation is a random lognormal variable, similar to Eq.(8) 
and (9), the probability of failure at time t and stress s is 

   ( ) ( ) ( )ln ,
( , ) Pr crit

t crit

D t s
F t s D D

µ
σ
− 

= < = F 
 

    (20) 

where 
( , ) ( )t s b a L s tµ = + × ×     (21) 

In Eq.(21), the effect of time on the log mean µ  is 
assumed to be linear. Other degradation functions such as 
power, logarithmic, and exponential can also be used. ( )L s  
represents the effect of stress on the degradation rate. It could 
be any of the following functions 
• Arrhenius /( ) c sL s e=  

• Eyring 1 /( ) c sL s s e−=  

• Inverse power law ( ) nL s s=  
The above three relations are used for single stress tests. 

Functions such as temperature-humidity, temperature-
nonthermal, generalized Eyring, and general log linear are used 
for multiple stresses. Details on these functions can be found at 
[11]. Other formulas different from Eq. (21) are also used to 
include stress effect. For example, [12] used the following 
formula 

( , )t s b a t c sµ = + × + ×     (22) 

where s  is the stress or its transformation.  
We will use an example modified from [8] to illustrate 

how the degradation is affected by both time and stresses.  
Example 7: The data given in Table 12 consist of the 

breakdown voltage of 32 test units at two different 
temperatures (250°C and 275°C) and eight aging times (1, 2, 4, 
8, 16, 32, 64 weeks). The purpose was to estimate the 
insulation life distribution. The insulation fails when its 
breakdown strength degrades below the design voltage of 
3.0kV at a design temperature of 220°C.  

Table 12. Accelerated Degradation Test for Example 7 

ID Week Temp 
(C) 

Voltage 
(kV) ID Week Temp 

(C) 
Voltage 

(kV) 
1 1 250 15 17 16 250 12 
2 1 250 14.5 18 16 250 12 
3 1 275 14 19 16 275 6 
4 1 275 13 20 16 275 6 
5 2 250 12.5 21 32 250 11 
6 2 250 12 22 32 250 10 
7 2 275 13 23 32 275 2.7 
8 2 275 11.5 24 32 275 2.7 
9 4 250 12 25 48 250 7 

10 4 250 13 26 48 250 6.9 
11 4 275 10 27 48 275 1.2 
12 4 275 11.5 28 48 275 1.5 
13 8 250 12 29 64 250 7.2667 
14 8 250 11.5 30 64 250 7.5 
15 8 275 6.5 31 64 275 1.5 
16 8 275 5.5 32 64 275 1 

 
Figure 10. Degradation at Different Temperatures 

The lognormal distribution in Eq. (20) is used for the 
degradation value. Figure 10 shows that the log-voltage 
changes with time linearly. Therefore, the linear function of Eq. 
(21) is good for the relation between time and log mean of the 
lognormal distribution. Figure 10 also shows that the rate of 
degradation is affected by temperature. Voltage degrades much 
faster under a higher temperature. Therefore, the Arrhenius 
model is used for the effect of temperature in Eq.(21). The 
MLE solution for the data in Table 12 is given below.  

Table 13. MLE Solution for Example 7 

 
 

The distributions of degradation values at different times 
and the two temperature values can be calculated using the 
parameter values in Table 13. They are plotted in Figure 11.  

 
Figure 11. Degradation Distribution Changes with Time and 

Temperature 

The black lines in the middle in Figure 11 are the 50% 
percentiles of the distribution. The red dash lines are the 10% 

Parameter MLE Standard 
Error

b 2.49182 0.03234
a -5.77803E+13 1.72926E+14
c -19113.52403 1642.62268

Sigma 0.18858 0.01667
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and 90% percentile lines.  
Using the model, the probability of failure after 20 years 

(1,040 weeks) under the design temperature of 220°C with a 
critical degradation value of 3kV can be calculated by: 

( ) ( ) ( )

( )
19113.524

13 220 273.15

ln ,
( , ) Pr

ln 3 2.49182100 1040 5.77803 10

0.18858

0.00346

crit
t crit

D t s
F t s D D

e

µ
σ

 − + 

− 
= < = F 

 
  
 − − × × ×    = F 
 
 
 

=

 

5. CONCLUSIONS 

In this paper, practical methods of using degradation and 
accelerated degradation data for reliability evaluation are 
introduced. The theories of the pseudo failure time method and 
the random process method are discussed in detail. Simple 
examples are also provided to illustrate the steps of doing 
degradation data analysis.     
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