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SUMMARY & CONCLUSIONS
An equipment is considered which is subject to repairable
failures on the time interval [0, 𝑡]. At the time of each failure,
repair is performed which requires length of time T to perform,
and as the result of each repair, the virtual age of the equipment
decreases by time period u. Minimal repair is obtained by u = 0
and complete repair / replacement by setting u = t (all age
accrued up to the point of failure).
A mathematical model was derived for the expected number
of failures with partial repairs which require a certain time
period to perform. The model derived is a two-dimensional
integral equation. It was also shown that in the special cases of
minimal repairs and failure replacements the general model
could be reduced to the well-known special formulas. A
computer method was also suggested for finding solutions and a
simple approximating rule was introduced to approximate the
solutions. A Weibull numerical example illustrated the
theoretical developments.

1 INTRODUCTION
Random failures are usually characterized by probabilistic
methods. If a failure is non-repairable, then failure replacement
is performed, which is usually more expensive than preventive
replacement. If a failure is repairable, then repair is done in order
to bring back the equipment to working condition. In the case of
minimal repair the equipment is brought back to its condition
before the failure occurred, so there is no change in the
probabilistic characteristics such as cumulative distribution
function (CDF), probability density function (PDF) of time of
failures and the failure rate. In the case of replacement the virtual
age of the equipment drops to zero, and in the case of partial
repairs the virtual age can be decreased by a fixed constant or by
a factor less than unity. In some cases however, the failure rate
is decreased by a given factor implying that the expected number
of failures in any future interval are decreased by the same
factor. Except in the case of minimal repair the probabilistic
feature of time to failure is altered accordingly. It is well known

that in the case of minimal repairs the expected number of
𝑡
failures in interval [0, 𝑡] is given as 𝑀(𝑡) = ∫0 𝜌(𝜏)𝑑𝜏, where
𝜌(𝜏) is the failure rate. In the case of replacements 𝑀(𝑡) satisfies
𝑡
the integral equation 𝑀(𝑡) = 𝐹(𝑡) + ∫0 𝑀(𝑡 − 𝑆)𝑓(𝑆)𝑑𝑆,
which can be solved by using a numerical integration formula
[7] or Laplace transform. There are formulas and other known
solutions in the literature that do not consider the time length
needed to perform the repairs when no degradation occurs, and
the modified probabilistic characteristics in case of different
types of partial repairs.
There is large amount of works dealing with the application
of probability theory in reliability engineering as well as finding
optimal maintenance, repair and replacement strategies [1-6].
The objective of this paper is not the determination of optimal
strategies, its aim is to find the expected number of failures in
any time interval during life cycle of the equipment, which is an
important input data for the optimal scheduling and finding
appropriate logistics for maintenance, repair and preventive
replacement actions.
This paper develops as follows. A general mathematical
model is first introduced and its reduction to other classical
models will be shown. Then a computation method is suggested
to solve the resulted integral equation. A simple procedure is
also introduced to provide approximating solutions. A small
numerical example illustrates the methodology with the
assumption of Weibull failure time distribution. The last section
concludes the paper.

2 MATHEMATICAL MODEL
Let 𝐹(𝑡), 𝑓(𝑡), 𝜌(𝑡) and 𝑅(𝑡) denote the CDF, PDF, failure
rate and reliability function of time to first failure in an
equipment. Partial repairs are assumed in cases of the failures.
Each repair requires T time periods to complete, and the virtual
age of the equipment decreases by a constant 𝑢 > 0. If the
virtual age is below u, then after repair, the equipment will
become as new. Assume that at a certain time the virtual age of

the equipment is v and it is operating. We will derive a general
formula 𝐸(𝑣, ∆𝑡) for the expected number of failures in interval
(𝑣, 𝑣 + ∆𝑡). This expectation is independent of the calendar age
of the equipment, since its future state of health is determined
only by its virtual age. For the sake of simplicity assume that the
calendar age of the equipment at the beginning of the interval is
set to 𝑣. Let 𝑣 + 𝑆 be the time of the first failure after time 𝑣,
which has the conditional CDF:

(4)
In summary, 𝐸(𝑣, ∆𝑡) can be expressed as equation (5).
We next consider the two known special cases. First assume
minimal repair with 𝑢 = 𝑇 = 0. Let 𝑣 = 0, then only the second
case occurs with 𝐹𝑣 (∆𝑡) = 𝐹(∆𝑡) and ∆t=t. Then we have
𝑡

𝑀(𝑡) = 𝐸(0, 𝑡) = 𝐹(𝑡) + ∫0 𝐸(𝑆, 𝑡 − 𝑆)𝑓(𝑆)𝑑𝑆 ,
and since 𝐸(𝑆, 𝑡 − 𝑆) = 𝑀(𝑡) − 𝑀(𝑆) we have
𝑡

𝐹𝑣 (𝑆) =

𝑀(𝑡) = 𝐹(𝑡) + ∫ (𝑀(𝑡) − 𝑀(𝑆))𝑓(𝑆)𝑑𝑆

𝐹(𝑣 + 𝑆) − 𝐹(𝑣) 𝐹(𝑣 + 𝑆) − 𝐹(𝑣)
=
1 − 𝐹(𝑣)
𝑅(𝑣)

0
𝑡

(1)
and the corresponding PDF is clearly 𝑓𝑣 (𝑆) =

𝑓(𝑣+𝑆)
𝑅(𝑣)

. Assume

first that S is given. Let now 𝑁(𝑣, ∆𝑡) be the number of failures
in interval (𝑣, 𝑣 + ∆𝑡) with S given. Then

= 𝐹(𝑡) + 𝑀(𝑡)𝐹(𝑡) − ∫0 𝑀(𝑆)𝑓(𝑆)𝑑𝑆
which is well known.
Assume next that failure replacements are done with
∆𝑡 = 𝑡, 𝑢 = 𝑣 + 𝑆, and 𝑣 = 𝑇 = 0. Then, only the second case
of (5) can occur, so
𝑡

𝑀(𝑡) = 𝐸(0, 𝑡) = 𝐹(𝑡) + ∫ 𝐸(0, 𝑡 − 𝑆)𝑓(𝑆)𝑑𝑆

𝐸(𝑋(𝑣, ∆𝑡)|𝑆)
0,
1,
= 1 + 𝐸(0, ∆𝑡 − (𝑆 + 𝑇)),
{1 + 𝐸(𝑣 + 𝑆 − 𝑢, ∆𝑡 − (𝑆 + 𝑇)),

if
if
if

∆𝑡 < 𝑆
𝑆 < ∆𝑡 < 𝑆 + 𝑇
∆𝑡 > 𝑆 + 𝑇 and 𝑣 + 𝑆 < 𝑢

if

∆𝑡 > 𝑆 + 𝑇 and 𝑣 + 𝑆 > 𝑢

0

(2)

𝐸(𝑣, ∆𝑡) = ∫
∆𝑡−𝑇

+∫
𝑢−𝑣

∆𝑡−𝑇

𝑓𝑣 (𝑆)𝑑𝑆

∆𝑡

∆𝑡−𝑇

+∫
0

∆𝑡−𝑇

𝑓𝑣 (𝑆)𝑑𝑆

(1 + 𝐸(0, ∆𝑡 − 𝑆 − 𝑇))𝑓𝑣 (𝑆)𝑑𝑆

𝑢

𝐹(𝑡) + ∫ 𝑀(𝑡 − 𝑆 − 𝑇)𝑓(𝑆)𝑑𝑆
0

𝑀(𝑆 − 𝑢)𝑓(𝑆)𝑑𝑆

𝑢

Model (6) can be considered as an approximation of model (5).

(3)

𝐸(𝑣, ∆𝑡) = ∫

The second case of (6) can be rewritten as

𝑡−𝑇

(1 + 𝐸(0, ∆𝑡 − 𝑆 − 𝑇))𝑓𝑣 (𝑆)𝑑𝑆

Otherwise

In the second and third cases of (5) in the integrand we have
the term 𝐸(𝑣 + 𝑆 − 𝑢, ∆𝑡 − 𝑆 − 𝑇), which refers to an interval
with starting point 𝑣 + 𝑆 − 𝑢 and length ∆𝑡 − 𝑆 − 𝑇. So, the
endpoint of the interval is 𝑣 + 𝑆 − 𝑢 + ∆𝑡 − 𝑆 − 𝑇 = 𝑣 + ∆𝑡 −
𝑢 − 𝑇. This expectation is based on the condition that at the
starting point of the interval the equipment is in working
condition. If we ignore this condition, then the expectation
equals 𝑀(𝑣 + ∆𝑡 − 𝑢 − 𝑇) − 𝑀(𝑣 + 𝑆 − 𝑢). By selecting 𝑣 =
0, only the second case of (5) is impossible, so (5) can be
written as equation (6).

−∫

𝑢−𝑣
0

3 AN APPROXIMATION

+ 𝑀(𝑡 − 𝑢 − 𝑇)[𝐹(𝑡 − 𝑇) − 𝐹(𝑢)]

(1 + 𝐸(𝑣 + 𝑆 − 𝑢, ∆𝑡 − 𝑆 − 𝑇))𝑓𝑣 (𝑆)𝑑𝑆

+∫

0

which is again the well-known integral equation.

In the first case no failure can occur in interval (𝑣, 𝑣 + ∆𝑡),
since the first failure is at 𝑣 + 𝑆. In the second case the first
failure occurs in interval (𝑣, 𝑣 + ∆𝑡) but no more failure is
possible, since the failure repair cannot be completed before
time 𝑣 + ∆𝑡. If ∆𝑡 > 𝑆 + 𝑇, then after repair the virtual age of
the equipment becomes zero, otherwise it becomes 𝑣 + 𝑆 − 𝑢.
The repair is completed at time 𝑣 + 𝑆 + 𝑇, when the equipment
is in operating condition. The length of interval (𝑣 + 𝑆 + 𝑇, 𝑣 +
∆𝑡) is ∆𝑡 − (𝑆 + 𝑇). In the first case 𝑆 > ∆𝑡, in the second case
∆𝑡 − 𝑇 < 𝑆 < ∆𝑡, in the third case 𝑆 < min{𝑢 − 𝑣, ∆𝑡 − 𝑇}
and in the last case 𝑢 − 𝑣 < 𝑆 < ∆𝑡 − 𝑇. Here, we assumed that
∆𝑡 > 𝑇. In the case of ∆𝑡 ≤ 𝑇 only one failure can occur with
probability 𝐹𝑣 (∆𝑡), so 𝐸(𝑣, ∆𝑡) = 𝐹𝑣 (∆𝑡). By using the method
of expectation by conditioning, we can have the following
relation for ∆𝑡 > 𝑇. If 𝑢 − 𝑣 < ∆𝑡 − 𝑇, then
∆𝑡

𝑡

= 𝐹(𝑡) + ∫ 𝑀(𝑡 − 𝑆)𝑓(𝑆)𝑑𝑆

𝐹𝑣 (∆𝑡),
𝐹𝑣 (∆𝑡) + ∫

∆𝑡−𝑇

0
𝑢−𝑣

𝐸(𝑣, ∆𝑡) =

𝐹𝑣 (∆𝑡) + ∫

𝐸(0, ∆𝑡 − 𝑆 − 𝑇)𝑓𝑣 (𝑆)𝑑𝑆 + ∫

𝐹𝑣 (∆𝑡) + ∫

𝐸(0, ∆𝑡 − 𝑆 − 𝑇)𝑓𝑣 (𝑆)𝑑𝑆 ,

0
∆𝑡−𝑇

{

𝐸(𝑣 + 𝑆 − 𝑢, ∆𝑡 − 𝑆 − 𝑇)𝑓𝑣 (𝑆)𝑑𝑆 ,

0

𝑢−𝑣

𝑢−𝑣 ≤0

𝐸(𝑣 + 𝑆 − 𝑢, ∆𝑡 − 𝑆 − 𝑇)𝑓𝑣 (𝑆)𝑑𝑆 ,

if 0 < 𝑢 − 𝑣 < ∆𝑡 − 𝑇
if

𝑢 − 𝑣 ≥ ∆𝑡 − 𝑇

if

𝑡 ≤ 𝑇, otherwise

if

0<𝑢 <𝑡−𝑇

if

𝑢 ≥𝑡−𝑇

𝑡−𝑇

𝐹(𝑡) + ∫ 𝑀(𝑡 − 𝑆 − 𝑇)𝑓(𝑆)𝑑𝑆 + ∫
0
𝑡−𝑇

𝐹(𝑡) + ∫

if

(5)

𝑢

{

∆𝑡 ≤ 𝑇, otherwise

∆𝑡−𝑇

𝐹(𝑡),
𝑀(𝑡) =

if

(𝑀(𝑡 − 𝑢 − 𝑇) − 𝑀(𝑆 − 𝑢))𝑓(𝑆)𝑑𝑆 ,

𝑢

𝑀(𝑡 − 𝑆 − 𝑇)𝑓(𝑆)𝑑𝑆 ,

0

(6)

Table 1: Computed values of 𝑀(𝑡)

4 COMPUTER METHODS
Consider the (𝑣, ∆𝑡) space for 𝑣, ∆𝑡 ≥ 0, and place a
uniform grid on it with a small step size ℎ in both directions. If
𝑇 = 𝑁ℎ, then for all 𝑣 ≥ 0, the value of 𝐸(𝑣, ∆𝑡) can be
computed by equation (1) with ∆𝑡≤T. So the function value of
𝐸(𝑣, ∆𝑡) will be known for the first 𝑁 + 1 rows of the grid. We
can sequentially compute the function values for row 𝑁 + 2, and
then for row 𝑁 + 3, and so on until ∆𝑡 reaches the required
length. Let now ∆𝑡 = 𝐾ℎ (𝐾 > 𝑁 + 1). Notice that in the
integrals of (5) the second argument of 𝐸 is ∆𝑡 − 𝑆 − 𝑇 which
is less than 𝐾ℎ by at least 𝑁ℎ, so the corresponding values of
function 𝐸 are in earlier rows, which were already computed.
Moving from row 𝑁 + 2 up sequentially we are able to find all
values of 𝐸 at all grid-points of the actual row. The final result
is 𝐸(0, ∆𝑡) which is the same as 𝑀(∆𝑡). The expected number
of failures in any interval (𝑡1 , 𝑡2 ) is 𝑀(𝑡2 ) − 𝑀(𝑡1 ), which is
not necessarily equal to 𝐸(𝑡1 , 𝑡2 − 𝑡1 ), since at time 𝑡1 the
equipment can be in working condition or under repair.

t

𝑀(𝑡) by method
(5)

𝑀(𝑡) by
method (6)

𝑀(𝑡) by
simulation

1

0.5980

0.5969

0.5924

2

1.2745

1.2667

1.2794

3

1.9807

1.9632

1.9917

4

2.7112

2.6726

2.7168

5

3.4596

3.3866

3.4725

The approximating model can be solved numerically in
a much easier way, since only a one-dimensional grid is needed
in the 𝑡 ≥ 0 line and we can compute the values of 𝑀(𝑡) in the
order of 𝑡 = 0, ℎ, 2ℎ, ….

In models (5) and (6) the trapezoidal formula was used to
compute the integrals with step size ℎ = 0.01, as the error for
the trapezoidal formula is on the order of O(h2). In the
simulation, 100,000 repeats were used to minimize error. The
results by method (5) and simulation differ by less than 1%,
which is very good. Method (6) has larger errors, with the error
growing the further in time one estimates, but still acceptable
(within a few percent) for the case study values. Notice that
solution of model (6) is much easier to compute than that of the
“exact” model (5).

5 NUMERICAL EXPERIMENT
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